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Résumé et mots clés

La dynamique symbolique et la combinatoire des mots sont deux approches com-
plémentaires pour évaluer la complexité des mots infinis, ces derniers étant souvent
des versions discrètes de processus plus complexes. Cette thèse explore deux notions
centrales pour décrire les mots infinis : la complexité des facteurs est la fonction qui
compte les mots finis de chaque longueur, et la récurrence uniforme/minimalité est
une propriété qui contrôle la répartition des occurrences de chaque facteur.

Les substitutions sont une des principales manières de générer des mots infinis
et ont donné naissance à une théorie prolifique qui est au cœur de la dynamique
symbolique. En nous intéressant d’abord au problème du calcul de la complexité d’une
suite morphique donnée, nous présentons une revue des résultats de Pansiot et de
Devyatov qui décrivent les classes de complexité possibles. Ensuite, en nous fondant
sur la caractérisation des sous-shifts substitutifs minimaux donnée récemment par
Shimomura, nous étudions à quel point un sous-shift peut être non-minimal. Pour
cela nous caractérisons et comptons les composantes minimales de ces sous-shifts.

Au-delà du cadre substitutif, la suite de Oldenburger-Kolakoski pose des questions
notoirement difficiles à propos de sa récurrence, de sa complexité et de ses fréquences.
En considérant la généralisation que sont les suites lisses sur des alphabets de deux
entiers, nous présentons nos contributions à deux problèmes sur ce sujet. En premier
nous étudions la complexité du langage des mots lisses, dont la conjecture est qu’elle
croît comme Θ(nρ) où ρ dépend de l’alphabet. Nous prouvons la borne inférieure
dans le cas général et la borne supérieure quand les deux lettres sont des entiers
pairs, et nous améliorons la borne supérieure quand les deux lettres sont des entiers
impairs. En second nous étudions les suites lisses sur les alphabets pairs et impairs,
qui ont l’avantage d’avoir une représentation S-adique. Nous prouvons que ces suites
sont uniformément récurrents, et, avec des conditions sur l’alphabet, qu’ils ont une
complexité linéaire et sont uniquement ergodiques.

Mots clés : Dynamique symbolique, combinatoire des mots, complexité des facteurs,
minimalité, substitutions, mots lisses
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Abstract and keywords

Symbolic dynamics and combinatorics on words are two complementary approaches
to evaluate how complex infinite words are, where infinite words are often seen as
discrete representations of more complex processes. This thesis explores two major
notions to describe infinite words: the factor complexity is the function that counts
the number of finite words of each length, and uniform recurrence/minimality is the
property that controls how occurrences of finite words are spread.

Substitutions are one of the primary ways to generate infinite words and gave birth
to a fruitful theory in symbolic dynamics. Driven by the problem of computing the
complexity class of a given morphic sequence, we begin by presenting a review of
the results of Pansiot and Devyatov that describe the possible complexity classes.
Then, inspired by the recent characterization of minimal substitution subshifts by
Shimomura, we investigate how non-minimal a substitution subshift can be. To do so
we characterize and count the minimal components of these subshifts.

Beyond the substitutive framework, the famous Oldenburger-Kolakoski sequence
raises difficult questions about its recurrence, its factor complexity and its frequencies.
By considering a generalization called smooth sequences over 2-integer alphabets, we
present contributions to two connected problems. We first study the factor complexity
of the language of smooth words, which is conjectured to grow like Θ(nρ) where ρ
depends on the alphabet. We prove the lower bound in the general case and the upper
bound when the two letters are even integers, and we improve the known upper bound
when the two letters are odd integers. Then we study smooth sequences over even
and odd alphabets, which happen to have an S-adic representation. We prove that
these sequences are uniformly recurrent, and, under conditions on the alphabet, that
they have linear factor complexity and are uniquely ergodic.

Keywords: Symbolic dynamics, combinatorics on words, factor complexity, mini-
mality, substitutions, smooth words
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1. Introduction

I’ve had my ups and downs, my fair share of bumpy roads and heavy
winds. That’s what made me what I am today. Now I stand before you.

JCVD

The study of infinite words, or (symbolic) sequences, is at a crossroad between
dynamical systems and theoretical computer science, incarnated respectively in sym-
bolic dynamics and combinatorics on words. As such, it finds its roots in both fields
and raises important theoretical questions as well as computational and decidabil-
ity problems. One of the main concerns about sequences over finite alphabets is
to evaluate how complex they are, and several notions were introduced to achieve
that. In this thesis we are interested in two of these notions that are factor complexity
and minimality, the first describes the quantity of information in sequences and the
second is a homogeneity property of sequences. We present contributions in two
different frameworks. The first one is substitutive sequences, they appear in many
contexts and gave birth to a powerful theory that is still being developed today. The
second one is smooth sequences, they can be seen as a specific generalization of
substitutive sequences and they raise interesting questions related to the famous
Oldenburger-Kolakoski sequence.

One way to obtain sequences over finite alphabets is to apply a discrete coding
to complex systems. The aim is to study a simplified representation of the system,
and the fundamental question is: how the properties of the original system can be
recovered from the properties of the sequence? More generally, a valuable resource is
the online encyclopedia OEIS [Inc26] which gathers every known integer sequence. In
particular, the digit expansion of any number provides a symbolic sequence, the most
popular example being

π= 3.141592653589793238462643383279502884197169399375105820974944...

A basic result that links the arithmetic properties of numbers to the combinatorial
properties of their digit expansion is that a number is rational if and only if its digits
are eventually periodic. Symbolic sequences also arise from discrete time dynamical
systems, of the form (X ,T ) where X is a compact topological space on which acts a
continuous bijective transformation T : X → X . Given a point x0 ∈ X , the sequence
(xn)n≥0 := (T n(x0))n≥0 is the orbit of x0. Then, by taking a finite partition of the space
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X and associating a symbol to each region, the orbit of a point provides a symbolic
sequence. A simple but interesting example of this process is the coding of a rotation
of the circle, where the space X is the circle of perimeter 1 and the transformation T is
a rotation (see Figure 1.1).

x0

α

x1

x2

x3

x4

x5

x6

Orbit: x0, x1, x2, ...

1−α

x0

x1

x2

x3

x4

x5

x6

Sequence: 0100101...

Figure 1.1.: A binary coding of a trajectory from a rotation of angle α= 1/ϕ where ϕ is
the golden ratio. The partition associates the letter 0 to the black region
and the letter 1 to the blue region.

Another way to obtain sequences over finite alphabets is to consider simple rules
that generate discrete configurations. The aim is to understand how complex behav-
iors can emerge from these simple rules, as in nature for example, and the fundamental
question is: how complex can the generated configurations be? Famous examples are
the Game of Life [BCG82] and Langton’s ant [Lan86] in dimension two. More general
classes of simple rules are cellular automata or substitutions in dimension one.

Substitutions are maps that replace each letter by a finite word (on a possibly
different alphabet) independantly of the surrounding letters, they are morphisms on
words. Despite their simplicity, substitutions arise from more complex systems. One
of their first usage was in D0L-systems, which are part of the larger class of L-systems
introduced by Lindenmayer to study the development of filamentous organisms
[RS76]. Substitutions also arise in numeration systems, coding of billiard trajectories,
automata (see [AS03]), computer graphics or crystallography. Therefore, substitutions
are an important part of symbolic dynamics, for a general background see [Que87],
[DP22] or the upcoming book [BDP26]. The simplest setting is to consider a single
iterable substitution, meaning that it maps to the same alphabet, which generates
three types of symbolic systems. Firstly, to such a substitution is associated a canonical
language, that is, the set of finite words that appear in the iterated image of any letter.
D0L-systems also define a larger class of languages from substitutions. Secondly, a
fixed point of an iterable substitution is a purely morphic sequence. One of the most
emblematic examples is the Fibonacci word (A003849 in the OEIS [Inc26]), fixed by
the substitution σ : 0 7→ 01,1 7→ 0

0︷︸︸︷
01

1︷︸︸︷
0

0︷︸︸︷
01

0︷︸︸︷
01

1︷︸︸︷
0

0︷︸︸︷
01

1︷︸︸︷
0

0︷︸︸︷
01

0︷︸︸︷
01

1︷︸︸︷
0

0︷︸︸︷
01

0︷︸︸︷
01

1︷︸︸︷
0

0︷︸︸︷
01

1︷︸︸︷
0 ... = xF i bo

xF i bo = ...
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Note that xF i bo is also the sequence obtained from the rotation of the circle in Fig-
ure 1.1. Furthermore, applying a letter-to-letter substitution (or coding) to a purely
morphic sequence produces a morphic sequence, see [All+17] for a detailed guide.
Lastly, by introducing a topology and a shift map S : (xi )i∈N 7→ (xi+1)i∈N on right-
infinite sequences (or S : (xi )i∈Z 7→ (xi+1)i∈Z on bi-infinite sequences), a subshift is a
closed shift-invariant set of sequences. Then, an iterable substitution generates a sub-
stitution subshift. In the setting of D0L-systems, morphic sequences or substitution
subshifts, the goal is to connect the properties of the substitution and the properties of
the associated system. Beyond single iterable substitutions, the most general setting
is S-adic sequences or S-adic subshifts, which are systems generated from a (possibly
infinite) number of substitutions on different alphabets.

As a variation of purely morphic sequences, the Oldenburger-Kolakoski sequence
(A000002 in the OEIS [Inc26]) is defined as a fixed point of the run-length encoding

κ= 22︸︷︷︸
2

11︸︷︷︸
2

2︸︷︷︸
1

1︸︷︷︸
1

22︸︷︷︸
2

1︸︷︷︸
1

22︸︷︷︸
2

11︸︷︷︸
2

2︸︷︷︸
1

11︸︷︷︸
2

22︸︷︷︸
2

1︸︷︷︸
1

2︸︷︷︸
1

11︸︷︷︸
2

2︸︷︷︸
1

1︸︷︷︸
1

22︸︷︷︸
2

...

... = κ

The sequence κ is a fixed point of a 2-block substitution, that is, a substitution gener-
alized to non-overlapping blocks of length two (see [DK23] for example). The 2-block
substitution in question is 11 7→ 21,12 7→ 211,21 7→ 221,22 7→ 2211, but it is not iterable
since the images 211 and 221 cannot be decomposed in non-overlapping blocks of
length two. This is seemingly close to a purely morphic sequence, but here we know
almost nothing about κ. This reveals that the theory of substitutions is still largely
under-developed outside of the classical substitutive setting.

One of the main combinatorial tools to measure the complexity of sequences over a
finite alphabet is factor complexity. It is the function p :N→N that counts the number
of factors of each length, that is, the finite words that occur in the sequence. It was
introduced by Morse and Hedlund in [MH38], with the idea that the asymptotical be-
havior of this function describes the quantity of information contained in a sequence.
As a primary illustration of this idea, Morse and Hedlund showed in [MH38] that the
eventually periodic sequences, that is, the sequences containing the fewest informa-
tion, are the sequences with bounded factor complexity. A corollary of this result
is that the factor complexity of an aperiodic sequence always satisfies p(n) ≥ n +1.
On that note, the aperiodic sequences which have minimal factor complexity, i.e.,
p(n) = n +1, are called Sturmian sequences, they have numerous interesting proper-
ties and the Fibonacci word xF i bo is one of them, see [MH40] for an overview. On the
opposite side of the spectrum, π is conjectured to be a rich (or disjunctive) number,
meaning that its digit expansion has maximal factor complexity p(n) = 10n . The link
with numeration systems extends further, for instance in [AB05] the authors described
the factor complexity of algebraic numbers. To measure the quantity of information of
infinite sequences, the topological entropy is the exponential growth rate of the factor
complexity lim

n→∞ log
(
p(n)

)
/n. For example, Sturmian sequences have zero entropy

while π is believed to have positive entropy. Note that the factor complexity has also
been investigated in higher dimensions: similarly to Morse-Hedlund theorem, Nivat
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conjectured in [Niv97] that a configuration of Z2 with rectangle pattern complexity
p(m,n) ≤ mn has to be periodic. This question has seen great progress with the recent
work of Kari, Szabados and Moutot in [Sza18; KM19]. Back to the one-dimensional
case of sequences, this is where the study of factor complexity is the most developed.
The best available tool is special and bispecial factors, they were largely popularized by
Cassaigne in [Cas97] and allow to compute factor complexity very efficiently. Lastly,
note that several variations of the factor complexity have been introduced, like the
maximal pattern complexity in [KZ02], the abelian complexity in [RSZ09], the binomial
complexity in [RS15], the additive complexity in [PSS24] or the reflection complexity in
[All+25].

Important results have been shown for the factor complexity of D0L-systems and
morphic sequences. This started with the seminal work of Ehrenfeucht, Lee and
Rozenberg for D0L-systems in [ELR75] where the authors obtained an upper bound
of the factor complexity of the associated language for three classes of substitutions.
In particular, they show that the general upper bound is O(n2) and that it is attained,
which yields zero entropy for all substitutive systems. As a purely morphic sequence
has the same language as the associated substitution, these results about D0L-systems
also apply to purely morphic sequences. With that said, the main result for purely
morphic sequences is due to Pansiot [Pan84]: the asymptotic factor complexity of
purely morphic sequences is eitherΘ(1),Θ(n),Θ(n loglogn),Θ(n logn) orΘ(n2), de-
pending on the properties of the substitution. Now, for morphic sequences, the coding
heavily impacts the factor complexity and produces the complexity classesΘ(n1+1/k )
for every k ≥ 1. No other complexity class is known, and Devyatov [Dev18] showed
that there is no other complexity class aboveΘ(n logn). For this result however, the
characterization of each complexity class is much more complex than in Pansiot’s
theorem. The theorems of Pansiot and Devyatov provide a necessary condition for an
infinite sequence to be morphic. For instance, Dekking’s conjecture [Dek81] that the
factor complexity of the Oldenburger-Kolakoski sequence grows likeΘ

(
nlog(3)/log(3/2)

)
would imply that κ is not morphic.

Although factor complexity describes how many factors occur in a sequence, it
does not tell anything about how each factor occurs: does it occur infinitely often?
how far apart are two occurrences? To express this, a sequence is recurrent if all its
factors occur infinitely, and it is uniformly recurrent if it is recurrent and each of its
factors occurs with bounded gaps. Even stronger, x is linearly recurrent (or linearly
repetitive) if it is uniformly recurrent and the gaps between two occurrences of a
factor are bounded linearly by the length of the factor. In particular, in [DHS99] the
authors showed that a linearly recurrent sequence has at most linear factor complexity.
Uniform recurrence can also be defined for subshifts, and in that case we say that the
subshift is minimal. Minimality of subshifts has two topological interpretations, it is
equivalent to having no sub-system and to the fact that the orbit of every point by the
shift S is dense.

It is well-known that primitive substitutions generate minimal subshifts, but primi-
tivity is not a necessary condition for minimality: the Chacon substitutionσ : 0 7→ 0010,
1 7→ 1 is a famous non-primitive example that produces a minimal subshift. Recently,
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Maloney and Rust [MR18] showed that a property called tameness is necessary for
minimality. Shimomura [Shi19] then introduced a weaker version of primitivity, called
ℓ-primitivity, which led to a characterization of minimal substitution subshifts: a sub-
stitution subshift is minimal if and only if it is generated by an ℓ-primitive and tame
substitution (possibly different from the original one). A corollary of Shimomura’s
result is that every minimal substitution subshift is linearly recurrent. In the S-adic
setting, Durand [Dur00] also found a criterion for minimality called weak primitivity,
and a criterion for linear recurrence called strong primitivity. With these results, prim-
itivity of substitutions is a key property to characterize minimality. However, outside
of the substitutive setting, the recurrence of the Oldenburger-Kolakoski sequence is
still one of the main open questions.

Main contributions
In this thesis we investigate factor complexity and minimality in two frameworks: the
well-known substitutive systems, and the generalization of the Oldenburger-Kolakoski
sequence called smooth sequences. This leads us to adopt different approaches for
each notion: we study factor complexity algorithmically in the first framework and
with bispecial factors in the second; we study minimality topologically in the first
framework and combinatorially in the second.

We first focus on the theorems of Pansiot and Devyatov about the factor complexity
of morphic sequences. We are interested in the following problem: given a morphic
sequence, can we compute its complexity class? To do so,we proceed in three steps: we
detail the proofs of the theorems that characterize the complexity classes, we transpose
them into a formal algorithm, and we solve the computational problems raised by the
algorithm. Based on our work in [Hen24], we begin with purely morphic sequences
where Pansiot’s classification is complete and straightforward. Then, Devyatov’s result
for morphic sequences is more layered and relies on complex combinatorial structures
so we mainly focus on giving a condensed version of the proof.

Then we turn our attention to substitution subshifts. Now that minimality has been
characterized by Shimomura, we investigate the opposite case, that is, what happens
when a substitution subshift is not minimal? How non-minimal can it be? These
questions are part of a recent interest for non-minimal substitution subshift in [MR18;
Shi19; BPR24]. In the last paper, the authors showed that any substitution subshift is
quasi-minimal, meaning that it contains a finite number of subshifts. In particular, the
minimal sub-systems are called minimal components, and their number can be seen
as a measure of the complexity of the subshift. For instance, in [BKM09] the authors
showed that any growing substitution subshift on d letters has at most d minimal
components. Our contribution ([Hen25]) is to characterize the minimal components
of any substitution subshift: we show that they are either smaller substitution subshifts
or periodic orbits composed of bounded letters. Our characterization is explicit so
we obtain upper bounds for the number of minimal components: over d letters,
we find back that growing substitutions have at most d minimal components, and
for non-growing substitutions we find at most 2d − 4 minimal components since
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the periodic orbits can be twice as numerous. We also provide a Python code that
computes minimal components of a given substitution subshift.

Next we leave the well-known framework of substitutions to focus on a generaliza-
tion of the Oldenburger-Kolakoski sequence κ called smooth sequences. The first level
of generalization is that the run-length encoding has fixed points over other 2-integer
alphabets, like {1,3} with

κ3,1 = 333︸︷︷︸
3

111︸︷︷︸
3

333︸︷︷︸
3

1︸︷︷︸
1

3︸︷︷︸
1

1︸︷︷︸
1

333︸︷︷︸
3

111︸︷︷︸
3

333︸︷︷︸
3

1︸︷︷︸
1

333︸︷︷︸
3

1︸︷︷︸
1

333︸︷︷︸
3

111︸︷︷︸
3

333︸︷︷︸
3

1︸︷︷︸
1

...

... = κ3,1

Similarly to κ, κ3,1 (A064353 in the OEIS [Inc26]) is the fixed point of a 2-block sub-
stitution. These fixed points were considered soon after the Oldenburger-Kolakoski
sequence was rediscovered by Kolakoski in [Kol65], and a systematic study was made
by Sing in [BS04] and [Sin10]. Now, smooth sequences are not only the fixed points
of run-length encoding, they are the infinite sequences over a 2-integer alphabet
A= {a,b} such that all their successive run-length encodings remain over the same
alphabet A. General smooth sequences had been mentionned in a few papers like
[Dek01] but their systematic study began in [BJP08] and continued very recently with
[Jam+26]. The motivation to study this generalization is to understand what is difficult
about κ, to see if we can prove more conclusive results about other smooth sequences
and if they translate to κ. With this in mind, we study smooth sequences with two
approaches.

We first consider the language of smooth words, which is crucial in the study of
smooth sequences. For instance, over {1,2} it is conjectured to be exactly the set of
factors of κ and to have complexityΘ

(
nlog(3)/log(3/2)

)
, which is why κ is conjectured to

have the same behavior. The definitions yield that every factor of a smooth sequence
is a smooth word, and conversely we conjecture that the factors of each smooth
sequence over an alphabet {a,b} where a +b is odd are exactly the smooth words. In
this direction, we begin by proving that, over any alphabet, every smooth word occurs
in at least one smooth sequence. Regarding the complexity of the language of smooth
words, over an alphabet {a,b} it is conjectured to grow like Θ

(
nlog(a+b)/ log((a+b)/2)

)
.

Partial results have been proven towards this conjecture, first over {1,2} where Dekking
showed polynomial upper and lower bounds in [Dek81] and Weakley studied the
bispecial smooth words in [Wea89], then over any alphabet where Sing generalized the
polynomial bounds in [Sin02]. In a joint work with Julien Cassaigne ([CH26]), we build
on the work of Weakley: we prove the conjectured lower bound over any alphabet, the
conjectured upper bound over even alphabets (i.e., a and b are even) and we improve
the known upper bound over odd alphabets (i.e., a and b are odd).

Finally we consider specifically smooth sequences over even and odd alphabets.
Contrary to the other alphabets where smooth sequences like κ are very difficult to
study, it appears that smooth sequences over these alphabets have simpler behaviors.
Therefore more results have been shown in this setting, for example in [BJP08] the
authors showed that all smooth sequences are recurrent using palindroms. In fact,
smooth sequences have an S-adic structure over these alphabets, like the sequence

18



1. Introduction

κ3,1 which is morphic and has been extensively studied in [BS04]. Very recently, in
[Jam+26] the authors also exploited this S-adic structure to study letter frequencies
in smooth sequences over {1,3}. In another joint work in preparation with Julien
Cassaigne, we continue to study smooth sequences over even and odd alphabets: we
first prove uniform recurrence for every smooth sequence, then we obtain linear factor
complexity over every even alphabet and every odd alphabet of the form {a, a +2}.
Finally, as a corollary we obtain unique ergodicity for all smooth sequences over
specific alphabets.

Organization of the manuscript
This manuscript is organized in two independant parts, the first gathers our con-
tributions to the theory of substitutions and the second gathers our contributions
about smooth sequences. But first, in Chapter 2 we introduce the basic notations and
definitions about words, factor complexity and minimality.

Chapter 3 is preliminary to our contributions to the theory of substitutions. After re-
calling the basic definitions of substitutions and growth rate of letters, we highlight an
important property of substitutions, tameness, that is crucial in the next two chapters.

In Chapter 4 we analyze the results of Pansiot and Devyatov on the factor complexity
of morphic sequences. The first result is primarily based on the growth rate of letters,
and the second result relies on a more complex combinatorial structure called k-
blocks.

In Chapter 5 we characterize the minimal components of substitution subshifts
(Theorem 5.1.24). We treat separately the minimal components that contain growing
letters, which are smaller substitution subshifts generated by a restriction to a power
of the substitution, and the minimal components that contain only bounded letters,
which are periodic orbits. Then we count the minimal components (Corollary 5.1.30).

Chapter 6 is preliminary to our contributions about smooth sequences. Inspired
by the original Oldenburger-Kolakoski sequence, we introduce smooth sequences
and explain how they can be computed. We also emphasize on the fixed points of the
run-length encoding that are morphic, and we explain the dichotomy within smooth
sequences that led to the two approaches we take in the next chapters.

In Chapter 7 we study smooth words. We first introduce another language of r-
smooth words, then we show that every smooth word occurs in an r-smooth word and
that every r-smooth word is the prefix of a smooth sequence (Theorem 7.1.18). Then,
for the complexity of smooth words, we determine the bispecial words as Weakley did
over {1,2} and we use technical arguments to obtain lower and upper bounds from
the average and the minimal length of bispecial words (Theorems 7.1.19 and 7.1.20).

In Chapter 8 we deal with three different properties of smooth sequences over
even and odd alphabets. We prove uniform recurrence of smooth sequences (Theo-
rem 8.1.5) and linear factor complexity over even alphabets and some odd alphabets
(Theorem 8.1.6). Lastly, we determine the alphabets over which the factor complexity
of smooth sequences is sufficiently low to apply a criterion of Boshernitzan [Bos84]
for unique ergodicity (Theorem 8.1.7).
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2. Notation and basic concepts

C’est bien beau de jouer l’poète libre
Alors qu’aucun mot ne vient sans un chiffre
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2.1. Words
A finite alphabet A is a non-empty finite set, its elements are called letters. We usually
use letters 0,1,2, ... in examples and letters a,b,c, ... in proofs.

2.1.1. Finite words
Over a finite alphabet A, a word u is a concatenation u1u2...un−1un of letters of A,
where n = 0 corresponds to the empty word denoted by ε. We define the length of
the word u = u1u2...un−1un by |u| := n, and if a ∈A we define |u|a as the number of
occurrences of the letter a in u. For n ≥ 0, we denote the set of words of length n over
A by An . We also write A∗ for the set of all finite words and A+ :=A∗\{ε}.

If u, v ∈A∗ are two finite words, we write uv their natural concatenation. Also, if
w, w ′ ∈A∗ are such that u = w v w ′, we say that v is a factor of u and we write v ⊏ u.
In particular, we say that v is a prefix (resp. suffix) of u if w = ε (resp. w ′ = ε).

Over a finite alphabet A, a language is a set of finite words L ⊆ A∗, and it is
factorial if u ⊏ v ∈L implies u ∈L . Then the set of factors of a finite word u ∈A∗ is
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the factorial language
L (u) := {

v ∈A∗ ∣∣ v ⊏ u
}

.

2.1.2. Infinite sequences
Over a finite alphabet A, a right-infinite sequence (resp. a bi-infinite sequence) x is
a concatenation x0x1x2... (resp. ...x−2x−1x0x1x2...) of letters of A. We write AN (resp.
AZ) the set of right-infinite sequences (resp. bi-infinite sequences) over A, whereN
denotes non-negative integers including 0.

If u ∈A∗ and v ∈A+, we write the right-infinite sequence vω := v v v... and we can
do the concatenation uvω. A sequence of the form vω (resp. uvω) is periodic (resp.
eventually periodic), otherwise it is aperiodic. Similarly, if u ∈A∗ and v, w ∈A+, we
write the bi-infinite sequences ωvω := ...v v v.v v v... and ωvuwω := ...v v v.uwω where
the middle dot indicates the separation ...x−1.x0... A sequence of the form ωvω is
periodic, otherwise it is aperiodic.

If x ∈AN (resp. x ∈AZ), a factor of x is a finite word x[i , j ) := xi xi+1...x j−1 where
i , j ∈N (resp. i , j ∈Z) and i ≤ j , with the convention that x[i ,i ) := ε. We write u ⊏ x if
u ∈A∗ is a factor of x, and the set of factors of x is the factorial language

L (x) := {
u ∈A∗ ∣∣ u ⊏ x

}
.

In particular, if x ∈AN, a factor u = x[0, j ) is a prefix of x and we write u ⊏p x.

2.1.3. Subshifts
We define the following distance onAN: for x, y ∈AN, if x ̸= y then we set d(x, y) := 2−n

where n ≥ 0 is the first integer for which xn ̸= yn , otherwise we set d(x, y) = 0. We
define a similar distance on AZ: for x, y ∈AZ, if x ̸= y then we set d(x, y) := 2−n where
n ≥ 0 is the first integer for which xn ̸= yn or x−n ̸= y−n , otherwise we set d(x, y) = 0.
These distances induce the prodiscrete topology on AN and on AZ.

Also, for right-infinite and bi-infinite sequences, we define the left shift

S : AN −→AN S : AZ −→AZ

(xi )i≥0 7−→ (xi+1)i≥0 (xi )i∈Z 7−→ (xi+1)i∈Z

Then, a subshift on AN (resp. on AZ) is a non-empty set X ⊆AN (resp. X ⊆AZ) that
is closed for the prodiscrete topology and satisfies S(X ) = X .

Lemma 2.1.1. (i) If x ∈AN, the smallest subshift containing x is the set

X (x) := {
Sk (x) | k ∈N}

.

(ii) If x ∈AZ, the smallest subshift containing x is the set

X (x) := {
Sk (x) | k ∈Z}

.
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Generally, if X ⊆AN or X ⊆AZ, e.g., X is a subshift, we define the factorial language

L (X ) := ⋃
x∈X

L (x).

2.2. Factor complexity
In order to count the number of factors in an infinite factorial language, combinatorics
on words provides the factor complexity.

Definition 2.2.1. Over a finite alphabet A, we define the following complexity functions
p :N→N.

• The complexity of an infinite factorial language L ⊆A∗ is pL (n) := |L ∩An |,
• The factor complexity of a sequence x ∈AN∪AZ is px(n) := pL (x)(n),

• The factor complexity of a set X ⊆AN or X ⊆AZ is pX (n) := pL (X )(n).

Remark 2.2.2. A complexity function is always non-decreasing.

2.2.1. Asymptotic behavior
In order to describe the asymptotics of sequences or functionsN→N, e.g., complexity
functions, we will frequently use the following notation.

Definition 2.2.3. Given two functions f , g :N→N, we write

• f (n) =O(g (n)) if there exist C > 0 and N ≥ 0 such that f (n) ≤C g (n) for all n ≥ N ,

• f (n) =Ω(g (n)) if there exist C > 0 and N ≥ 0 such that f (n) ≥C g (n) for all n ≥ N ,

• f (n) =Θ(g (n)) if f (n) =O(g (n)) and f (n) =Ω(g (n)).

Because the complexity of a factorial language L ⊆A∗ is sub-multiplicative, i.e.,
pL (m +n) ≤ pL (m)pL (n) for all m,n ≥ 0, the quantity

h(L ) := lim
n→∞ log

(
pL (n)

)
/n

always exists and defines a notion of entropy.

Definition 2.2.4. Given an infinite factorial language L ⊆A∗, its topological entropy
is the quantity h(L ).
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2.2.2. Low factor complexity
A seminal result on factor complexity is the characterization of eventually periodic
sequences.

Theorem 2.2.5 ([MH38]). Let x ∈AN. Then the following properties are equivalent.

1. x is eventually periodic.

2. The function px :N→N is bounded.

3. There exists n ≥ 0 such that px(n +1) = px(n).

With the third property in Theorem 2.2.5, an aperiodic sequence x always satisfies
px (n+1) ≥ px (n)+1. As px (0) is always equal to 1, we deduce that px (n) ≥ n+1 for all
n ≥ 0. Aperiodic sequences with minimal factor complexity px (n) = n+1 do exist, and
are in fact the well-studied class of Sturmian sequences.

2.3. Uniform recurrence/minimality
Uniform recurrence and minimality define the same notion in different setting. The
first one is a combinatorial property of sequences, the second one is a dynamical
property of subshifts.

2.3.1. Recurrence
On the combinatorial side, there are different levels of recurrence for a sequence.

Definition 2.3.1. Let x ∈AN∪AZ be a sequence.

• x is recurrent if all its factors occur infinitely often in it.

• A sequence u ∈A∗ occurs with bounded gaps in x if there exists L ≥ 1 such that,
for all v ∈L (x), if |v | ≥ L then u ⊏ v. Then, stronger than being recurrent, x is
uniformly recurrent if all its factors occur with bounded gaps in it.

• Even stronger than being uniformly recurrent, x is linearly recurrent if there exists
a constant L ≥ 1 such that, for all u, v ∈L (x), if |v | ≥ L|u| then u ⊏ v.

2.3.2. Minimality
On the dynamical side, there are several equivalent definitions of minimality. But first,
we say that a word u ∈A∗ occurs with bounded gaps in a subshift X if there exists L ≥ 1
such that, for all v ∈L (X ), if |v | ≥ L then u ⊏ v .
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Definition/Proposition 2.3.2. A subshift X ⊆AZ is minimal if one of the three equiva-
lent conditions holds:

1. X contains no subshift other than itself.

2. For every x ∈ X , X (x) = X .

3. Every word of L (X ) occurs with bounded gaps in X .

The first definition is dynamical, it means that the subshift has no sub-system. The
second definition is topological, it means that the orbit of every point is dense. The
third definition is combinatorial, it is the closest to uniform recurrence. A proof of the
equivalence between the three definitions can be found in [Fog+02].

We also say that a subshift X is linearly recurrent if there exists a constant L ≥ 1 such
that, for all u, v ⊏L (X ), if |v | ≥ L|u| then u ⊏ v .

Remark 2.3.3. Every sequence in a minimal subshift is uniformly recurrent, but the
converse is not true: the union of two different minimal subshifts is not minimal but all
the sequences are still uniformly recurrent. However, a sequence x is uniformly recurrent
if and only if the subshift X (x) is minimal.

The same holds for linear recurrence.
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Part I.

Substitutions

25



3. Substitutions properties

Courir permet l’évasion, c’est le verbe des bandits et des héros.

Amélie Nothomb

Content
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This chapter is preliminary to the contributions of this thesis in the theory of substi-
tutions, it introduces important notions that are common to Chapters 4 and 5. First,
Section 3.1 recalls the basic definitions of morphisms and substitutions, as well as
usual properties like primitive or uniform substitutions.

Because we study general morphisms, even the non-growing or erasing ones, we
have to distinguish letters based on their growth rate (defined in Section 3.2). In
particular we separate growing letters and bounded letters, which are essential to
study the factor complexity of substitutive systems. Let us cite Remark 4.3 of [DLR13]
on this topic: "To build an S-adic sequence with a very high complexity, either you
need bounded letters, or [the set of substitutions] S to be infinite and the alphabets
must grow exponentially in the minimal length of the images".

Because bounded letters are so important, it is equally important to understand how
they are produced. The adequate property is tameness (or its opposite wildeness), it
plays a central role for factor complexity and minimality. In Section 3.3 we define wild
morphisms with two equivalent propertiesP1 andP2, each of them being convenient
for different purposes. In Chapter 4 P1 is strongly related to factor complexity, and in
Chapter 5 P2 is one of the two properties that characterizes minimality.

3.1. Iterable morphisms and substitutions
In this thesis we consider exclusively iterable morphisms, that is, maps σ :A∗ →A∗

over a finite alphabet A such that σ(uv) =σ(u)σ(v) for all u, v ∈A∗. Such a map is
determined by its image on every letter and we write σ :A→A∗. Then the language
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3. Substitutions properties – 3.2. Growth rate of letters

of the morphism σ is

L (σ) := {
u ∈A∗ ∣∣ ∃a ∈A,∃n ≥ 0,u ⊏σn(a)

}
,

and its incidence matrix is Mσ ∈ |A|×|A|with coefficients ma,b = |σ(b)|a for (a,b) ∈A×A.
Also, the morphism naturally extends to sequences with the partial maps

σ :AN −→AN σ :AZ −→AZ

x 7−→σ(x0)σ(x1)σ(x2)... x 7−→ ...σ(x−2)σ(x−1).σ(x0)σ(x1)σ(x2)...

These maps are undefined when the sequence x ∈AN∪AZ contains a finite number of
letters that are not erased by σ (a letter a ∈A is erased by σ if σ(a) = ε). A substitution
is a morphism σ :A→A∗ that is non-erasing, and we write σ :A→A+.

Example 3.1.1. A famous example is the Fibonacci substitutionσ : 0 7→ 01,1 7→ 0, which
has the incidence matrix

Mσ =
(
1 1
1 0

)
.

Here are three common types of substitutions.

Definition 3.1.2. Let σ :A→A+ be a substitution.

• We say that σ is primitive if its incidence matrix Mσ is primitive, i.e., there exists
n ≥ 1 such that M n has positive entries.

• We say that σ is ℓ-uniform for some ℓ≥ 1 if |σ(a)| = ℓ for all a ∈A.

• We say that σ is a coding if it is 1-uniform, and we write σ :A→A.

Remark 3.1.3. An equivalent definition of a primitive substitution is that there exists
n ≥ 1 such that a ⊏σn(b) for every a,b ∈A.

3.2. Growth rate of letters
Given a morphismσ :A→A∗, the growth rate of a letter a ∈A (with regard toσ) is the
asymptotic behavior of the sequence (|σn(a)|)n≥0. Linear algebra provides a precise
description of this behavior.

Theorem 3.2.1 ([SS78]). For each a ∈A there exists (αa ,βa) ∈ (N×R≥1)∪ {(0,0)} such
that |σn(a)| =Θ(

nαaβa
n)

.

The case (αa ,βa) = (0,0) corresponds to erased letters. When studying morphisms,
an important distinction has to be made between two types of letters.
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Definition 3.2.2. Let σ :A→A∗ be a morphism and let a ∈A.

• If (|σn(a)|)n≥0 is bounded, we say that the letter a is bounded.

• If |σn(a)| −−−−→
n→∞ ∞, we say that the letter a is growing.

Furthermore, B denotes the set of bounded letters and C denotes the set of growing
letters. In particular, we say that σ is growing if B =;.

With Theorem 3.2.1, a letter a ∈A is bounded if and only if (αa ,βa) ∈ {(0,0), (0,1)}.
Bounded letters are pathological in the sense that they only generate finite informa-
tion, whereas growing letters are the letters that generate infinite information and
allow to define sequences.

3.3. Tame morphisms
The property that describes how bounded letters are produced is tameness, we define
it in two ways.

Definition 3.3.1. Let σ :A→A∗ be a morphism and let E be the set of letters erased by
σ.

• If the set of words L (σ)∩B∗ is infinite, we say that σ has property P1.

• If there exists c ∈ C, n ≥ 1, d ∈ B\E , u ∈ B+ and v ∈ A∗ such that d ⊏ u, and
σn(c) = ucv or σn(c) = vcu, we say that σ has property P2.

Note that a growing substitution does not have property P1 nor P2.

Remark 3.3.2. The formulation of P2 for substitutions is simpler: there exists c ∈ C,
n ≥ 1, u ∈B+ and v ∈A∗ such that σn(c) = ucv or σn(c) = vcu.

Note that the two properties exist in the framework of D0L-systems under different
names: property P1 is called pushyness and property P2 is called the edge condition.
In this framework, Ehrenfeucht and Rozenberg showed in [ER83c, Lemma 2.1] that
the two properties are equivalent. This equivalence was also proven for substitution
subshifts in [MR18, Theorem 2.9] and in [Shi19, Proposition 3.17], and it easily extends
to morphisms.

Proposition 3.3.3. For any morphism σ : A → A∗, the properties P1 and P2 are
equivalent.

In Chapter 5 we provide another proof of this equivalence with Remark 5.3.35 (ii),
but let us quickly show here that P2 implies P1.
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3. Substitutions properties – 3.3. Tame morphisms

Proof that P2 implies P1. Suppose that σ has property P2, that is, there exist c ∈ C,
n ≥ 1, d ∈ B\E , u ∈ B+ and v ∈A∗ such that d ⊏ u, and σn(c) = ucv or σn(c) = vcu.
Without loss of generality, suppose that σn(c) = vcu. Then a quick induction provides
vℓ ∈ A∗ such that σnℓ(c) = vℓcuσ(u)...σℓ−1(u) for all ℓ ≥ 1. Since u contains only
bounded letters, among which is the letter d that is not erased by σ, each word
σℓ(u) contains only bounded letters and is non-empty so the words uσ(u)...σℓ−1(u) ∈
L (σ)∩B∗ have arbitrarily large length when ℓ grows. Therefore σ has property
P1.

We now define tameness with the two equivalent properties.

Definition 3.3.4. A morphism σ :A→A∗ is wild if it has property P1 or equivalently
P2, otherwise it is tame.

Note that a different notion called tameness exists for general dynamical systems
related to semigroups, but it is not related to our topic.

Authors have defined tameness with P1 or P2 depending on what was more con-
venient for their purpose. On the one hand, P1 expresses how bounded letters accu-
mulate. For that reason, Pansiot used it in [Pan84] to study the factor complexity of
purely morphic sequences, and Maloney and Rust were the first to call tame and wild
substitutions in [MR18]. On the other hand, P2 is easy to check. For instance, Shimo-
mura used it to characterize minimal substitution subshifts. In Chapter 5 we will also
use P2 because it allows to analyze the periodic structure of words in L (σ)∩B∗.
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4. Factor complexity of morphic
sequences

Si ça se trouve c’est vrai, si c’est vrai ça se trouve.
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4. Factor complexity of morphic sequences –

Morphic sequences are one of the most common ways to produce right-infinite
sequences from a single morphism, as a source of numerous examples we refer to
[All+17]. First, purely morphic sequences are fixed points of a morphism generated
from a single starting letter. Then, morphic sequences are the image of a purely
morphic sequence by a letter-to-letter morphism (or coding).

The study of the factor complexity of purely morphic sequences originally derived
from the study of D0L-systems. As one can assume without loss of generality that a
purely morphic sequence x generated by a morphism σ has the same language as σ
(cf. Assumption 4.2.1), we have px(n) = pL (σ)(n) so studying the factor complexity
of purely morphic sequences is the same as studying the complexity of substitution
languages. With that said, the seminal result for purely morphic sequences is due
to Pansiot [Pan84]: the asymptotic factor complexity of purely morphic sequences
is either Θ(1), Θ(n), Θ(n loglogn), Θ(n logn) or Θ(n2). As for morphic sequences,
the coding heavily impacts the factor complexity and produces the infinite array of
complexity classes Θ(n1+1/k ) for every k ≥ 1. We do not know any other complexity
class, and Devyatov [Dev18] showed they there is no other complexity class above
Θ(n logn).

In this chapter we analyze Pansiot’s theorem and Devyatov’s theorem from an
algorithmic point of view, aiming to answer the following problem:

MClass : Input : A coding τ :A→A, a morphism σ :A→A∗ and a prolongeable

letter x0 ∈A
Output : The complexity class of the morphic sequence τ(σ∞(x0))

The answer to it can be a formal algorithm to be applied by hand on realistic examples,
or an efficient implementation in a programming language like Python to automatize
the process. Fortunately, the two theorems are well-suited for this approach, in the
sense that they work in two explicit steps:

1. Develop a combinatorial classification of (purely) morphic sequences.

2. Associate a factor complexity to each class of (purely) morphic sequences.

For the purpose of MClass we mainly focus on the first step, since after it we directly
return the associated complexity class given by the second step.

We begin with the smaller problem PMClass for purely morphic sequences, primar-
ily based on our work in [Hen24]. Reflecting on his own result, Pansiot had already
stated in [Pan85] that "From the proof of this theorem one can decide in which com-
plexity class falls [the purely morphic sequence] S". We first detail the classification of
morphisms based on the growth rate of letters, where tameness (cf. Section 3.3) is a
key property. Then we give the precise statement of Pansiot’s theorem that provides
the complexity classes. Finally we obtain a formal algorithm and we discuss how to
perform the associated algorithmic tasks.

Now, for morphic sequences, the theorem is more complex since there are infinitely
many behaviors to exhibit and to associate a complexity class to. In fact the proof of
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4. Factor complexity of morphic sequences – 4.1. Preliminaries

Theorem 4.1.15 is not well-known, so this section also serves as a condensed review
of it. We first detail the classification of morphic sequences based on the notion of
k-blocks, where tameness remains a key property. Then we give the five propositions
that assemble into Devyatov’s theorem. Finally we illustrate how the theorem applies
to simple examples.

We conclude this chapter with two open questions: we make a conjecture for an
asymptotic equivalent instead of aΘ equivalent for some complexity classes, and we
discuss how the classification of morphic sequences could be completed.

4.1. Preliminaries
In this section we define D0L-systems and morphic sequences, then we explain what
led to Pansiot’s theorem for purely morphic sequences and to Devyatov’s theorem for
morphic sequences. Recall that, given a morphism σ :A→A∗, the set of bounded let-
ters is denoted by B and the set of growing letters is denoted by C (cf. Definition 3.2.2).

4.1.1. D0L-systems
L-systems are a large class of systems originally introduced by Lindenmayer to study
mathematically the development of simple filamentous organisms. For a general
overview of L-systems we refer to [RS76]. The purpose of these systems is to generate
a language from simple rules, among them the D0L-systems are deterministic (hence
the letter D) and context-free (hence the digit 0).

Definition 4.1.1. A D0L-system is a triplet G := (A,σ, w) where A is a finite alphabet,
σ :A→A∗ is a morphism and w is a word in A+. Its associated language is

L (G) := {
u ∈A∗ ∣∣ ∃n ≥ 0,u ⊏σn(w)

}
.

The definition of the language L (G) is close to the language of the substitution
L (σ) := {

u ∈A∗ | ∃a ∈A,∃n ≥ 0,u ⊏σn(a)
}

, but the difference comes from the axiom
w of G .

4.1.2. Morphic sequences
Purely morphic sequences are the primary way to construct right-infinite sequences
from a single substitution.

Definition 4.1.2. If σ : A → A∗ is a morphism and there exist a ∈ A and u ∈ A+

such that σ(a) = au and σn(u) is never the empty sequence ε, we say that the letter
a is prolongeable (by σ). In that case the letter a is growing and we have σn(a) =
auσ(u)σ2(u)...σn−1(u) for all n ≥ 1, which defines the purely morphic sequence

σ∞(a) := auσ(u)σ2(u)σ3(u)... ∈AN.
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We observe that σ(σ∞(a)) =σ∞(a), so a purely morphic sequence is the fixed point
of a morphism generated by a single seed (the prolongeable letter a).

Example 4.1.3 (Thue-Morse sequence). With the substitution σ : 0 7→ 01,1 7→ 10, the
Thue-Morse sequence is

σ∞(0) = 011010011001011010010110011010011001011001101001011010011001...

The term tn of this sequence can also be defined as the sum of the digits mod 2 of each
integer n.

Example 4.1.4 (Period doubling sequence). With the substitution σ : 0 7→ 01,1 7→ 00,
the period doubling sequence is

σ∞(0) = 010001010100010001000101010001010100010101000100010001010100...

The term dn of this sequence can also be defined as mod 2 of the highest integer p such
that 2p divides n +1.

Remark 4.1.5. If x =σ(σ∞(a)) is a purely morphic sequence, we have L (x) =L (G)
where G is the D0L-system (A,σ, a). That way, in terms of languages, purely morphic
sequences are a sub-class of D0L-systems.

Now morphic sequences are defined as image of a purely morphic sequence by a
coding.

Definition 4.1.6. A morphic sequence is a right-infinite sequence τ(x) ∈AN where
x ∈AN is a purely morphic sequence and τ :A→A is a coding.

Example 4.1.7 (Paper folding sequence). With the substitution σ : a 7→ ab,b 7→ cb,
c 7→ ad , d 7→ cd and the coding τ : a,b 7→ 1,c,d 7→ 0, the paper folding sequence is

τ(σ∞(a)) = 110110011100100111011000110010011101100111001000110110001100...

This sequence can be obtained by iteratively folding a sheet of paper in half and follow-
ing the sequence of foldings along the unfolded sheet.

4.1.3. Complexity classes of purely morphic sequences
We observe that the language L (G) of a D0L-system G is factorial, so we can consider
its factor complexity pG (n) := pL (G)(n). In the series of articles [ELR75; ER81b; ER81a;
ER82; ER83b; ER83a], Ehrenfeucht, Lee and Rozenberg extensively studied the fac-
tor complexity of D0L-systems. They first showed upper bounds depending on the
morphism.

Theorem 4.1.8 ([ELR75, Theorems 2, 4, 6]). Let G := (A,σ,u) be a D0L-system.
(i) We always have pG (n) =O(n2)
(ii) If σ is growing, then pG (n) =O(n logn).
(iii) If σ is uniform, then pG (n) =O(n).
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Furthermore, they showed that each upper bound is attained.

Theorem 4.1.9 ([ELR75, Theorems 3, 5, 7]). There exists a D0L-system G such that
pG (n) =Θ(n2) (resp. pG (n) =Θ(n logn)) (resp. pG (n) =Θ(n)).

With Remark 4.1.5, the upper bounds of Theorem 4.1.8 also hold for purely morphic
sequences. Pansiot completed these results in [Pan84]: he found the new complexity
classΘ(n loglogn) and completed the classification of the factor complexity of purely
morphic sequences.

Theorem 4.1.10 ([Pan84]). The factor complexity of a purely morphic sequence is either
Θ(1),Θ(n),Θ(n loglogn),Θ(n logn) orΘ(n2).

Note that, with Theorem 2.2.5, the complexity classΘ(1) corresponds to eventually
periodic sequences. More interestingly, the complexity classΘ(n) contains the Stur-
mian purely morphic sequences like the Fibonacci word (see σ1 in Example 4.2.3),
and the complexity classΘ(n2) corresponds to wild morphisms (cf. Section 3.3).

4.1.4. Complexity classes of morphic sequences
With morphic sequences, we first observe that the coding decreases the factor com-
plexity of the associated purely morphic sequence.

Lemma 4.1.11. Let x ∈AN be a sequence and let τ :A→A be a coding. Then we have
pτ(x)(n) ≤ px(n) for all n ≥ 0.

Proof. We simply observe that the map τ : Ln(x) → τ(Ln(x)) =Ln(y) is surjective for
every n ≥ 0.

Of course, the identity coding preserves the five complexity classes of Pansiot, but,
interestingly, codings also create an infinite number of new complexity classes.

Proposition 4.1.12 ([Pan85, Lemma 2.2] [CN10, Proposition 4.7.2]). For all k ≥ 1, there
exists a binary morphic sequence x such that px(n) =Θ(n1+1/k ).

Remark 4.1.13. Once again we are faced with wild morphisms. Indeed, if a morphic
sequence y = τ(x) satisfies py (n) =Θ(n1+1/k ) for some k ≥ 1, then Lemma 4.1.11 yields
px(n) =Ω(py (n)) and with Theorem 4.1.10 we necessarily have px(n) =Θ(n2), which
corresponds to wild morphisms.

Example 4.1.14. Let k ≥ 1. Over the alphabet A = {a,b1,b2, ...bk+1}, consider the
substitution defined as σ(a) = abk , σ(b1) = b1 and σ(bi ) = bi bi−1 for all i ∈ J2,k +1K
and the coding τ : A∗ → {0,1}∗ defined as τ(a) = 0, τ(bi ) = 0 for all i ∈ J1,kK and
τ(bk+1) = 1. Then the morphic sequence y = τ(σ∞(a)) satisfies py (n) =Θ(n1+1/k ).

In fact, Devyatov showed in [Dev18] that there is no other complexity class above
Θ(n logn).
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Theorem 4.1.15 ([Dev18, Theorem 1.1]). The factor complexity of morphic sequences
is eitherΘ(n1+1/k ) for some k ≥ 1 or O(n logn).

However, the classification of morphic sequences remains incomplete because
we do not know if there exist complexity classes below n logn other than the purely
morphic classesΘ(1),Θ(n),Θ(n loglogn) andΘ(n logn) given by Theorem 4.1.10.

4.2. Factor complexity of purely morphic
sequences

In order to analyze Theorem 4.1.10, we use the more precise statement Theorem 4.2.11
that works in two steps:

1. Develop a classification of morphisms based on the growth rate of letters.

2. Compute the factor complexity for each class of morphisms.

For step 1 we introduce the growth rate of letters, we summarize the classification
in Figure 4.1 and we provide various examples. For step 2 we directly state Theo-
rem 4.2.11, then we obtain a formal algorithm displayed in Figure 4.2 that computes
the complexity class of a given purely morphic sequence, and we discuss its feasability
by detailing the related computability problems.

From now on, x will always denote the purely morphic sequence σ∞(x0) ∈ AN

generated by the morphism σ :A→A∗ and the prolongeable letter x0 ∈A.

Assumption 4.2.1. Without loss of generality, we assume that every letter of A occurs
in x (otherwise we can remove the non-occuring letters from A). In particular we
have L (σ) =L (x), which means that Theorem 4.1.10 also holds for the language of a
morphism.

4.2.1. Classification of morphisms
4.2.1.1. Growing morphisms

The classification of growing morphisms relies on the coefficients (αa ,βa) associated
to the growth rate of letters in Theorem 3.2.1.

Definition 4.2.2. If σ :A→A∗ is growing, then it belongs to one of the three categories:

• quasi-uniform (q.u.) if there existsβ ∈R>1 such that, for all a ∈A, (αa ,βa) = (0,β),

• polynomially divergent (p.d.) if there existsβ ∈R≥1 such that, for all a ∈A,βa =β,
and there exists a ∈A such that αa ≥ 1,

• exponentially divergent (e.d.) if there exist two different letters a,b ∈A such that
βa >βb .
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Note that every uniform morphism and every primitive morphism is quasi-uniform.

Example 4.2.3. We give an example for each class of growing morphisms.

• The Fibonacci substitution σ1 : 0 7→ 01,1 7→ 0 is primitive.

• σ2 : 0 7→ 1,1 7→ 12,2 7→ 1 is quasi-uniform but not uniform nor primitive.

• σ3 : 0 7→ 010,1 7→ 11 is polynomially divergent.

• σ4 : 0 7→ 0010,1 7→ 11 is exponentially divergent.

It is clear that σ1 is primitive and that σ2 is quasi-uniform but not primitive. We treat
σ3 and σ4 in detail in Appendix A.1.

4.2.1.2. Tame morphisms

In some cases, a purely morphic sequence generated by a non-growing morphism
can be conjugated to a different purely morphic sequence generated by a growing
morphism. This relies on tameness, which we define here with the property P1 of
Definition 3.3.1.

Definition 4.2.4. We say that a substitution σ is tame if the set L (σ)∩B∗ is finite,
otherwise we say that σ is wild.

Definition 4.2.5. If σ :A→A∗ is non-growing and tame, then L (x)∩B∗ is finite so
the alphabet

Â := {〈aub〉 ∣∣ a,b ∈ C,u ∈B∗, aub ∈L (σ)
}

is finite. We then define the morphism

σ̂ : Â−→ Â∗

〈aub〉 7−→ 〈c1v1c2〉〈c2v2c3〉...〈cn vncn+1〉

where ci ∈ C and vi , v ′i ∈ B∗ are such that σ(au) = v0c1v1c2v2...vn−1cn v ′
n , σ(b) =

v ′′
0 cn+1... and vn = v ′

n v ′′
0 . In particular, σ̂ is growing because every letter 〈aub〉 ∈ Â has

the same growth rate as a ∈ C. Finally, we define the morphism

ϕ : Â−→A∗

〈aub〉 7−→ au

Proposition 4.2.6. If x :=σ∞(x0) is aperiodic and σ is non-growing and tame, then
there exists a letter x̂0 ∈ Â that is prolongeable by σ̂ such that x =ϕ(σ̂∞(x̂0)). In partic-
ular, we have px(n) =Θ(

pσ̂∞(x̂0)(n)
)
.

Proof. Let u ∈A+ be the sequence such thatσ(x0) = x0u. Then u must contain a grow-
ing letter, otherwise x = x0uσ(u)σ2(u)σ3(u)... would be eventually periodic. Because
σk (u) contains at least one growing letter for all k ≥ 0, we can write x = a1u1a2u2a3u3...
where ai ∈ C and ui ∈B∗ for all i ≥ 1. Then the letter x̂0 := 〈a1u1a2〉 ∈ Â is prolonge-
able by σ̂ and we get x = τ (σ̂∞(x̂0)).
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Example 4.2.7. Consider the Chacon substitution σ5 : 0 7→ 0010,1 7→ 1. We have B = {1}
so it is non-growing, and we have L (σ) ∩B∗ = {ε,1} so it is tame. We then have
Â= {〈00〉,〈010〉} = {a,b}, σ̂5 : a 7→ aba,b 7→ abb and ϕ : a 7→ 0,b 7→ 01. In particular,
σ̂5 is primitive, and Proposition 4.2.6 yields

σ∞
5 (0) =ϕ(

σ̂∞
5 (a)

)= 0010001010010001000101001010010001010010001000101001...

Definition 4.2.8. If σ :A→A∗ is tame, then it belongs to one of the three categories:

• virtually quasi-uniform (v.q.u.) if σ is quasi-uniform or if σ is non-growing and
σ̂ is quasi-uniform.

• virtually polynomially divergent (v.p.d.) if σ is polynomially divergent or if σ is
non-growing and σ̂ is polynomially divergent.

• virtually exponentially divergent (v.e.d.) if σ is exponentially divergent or if σ is
non-growing and σ̂ is exponentially divergent.

Example 4.2.9. We give a non-growing example for each class of tame morphisms, and
an example of a wild morphism.

• The Chacon substitution σ5 : 0 7→ 0010,1 7→ 1 is virtually quasi-uniform.

• σ6 : 0 7→ 01010,1 7→ 121,2 7→ 2 is polynomially divergent.

• σ7 : 0 7→ 0101010,1 7→ 121,2 7→ 2 is exponentially divergent.

• σ8 : a 7→ ab,b 7→ bc,c 7→ c is wild.

The Chacon substitution σ5 was treated in Example 4.2.7: σ5 is non-growing and tame
and σ̂5 is primitive so σ5 is virtually quasi-uniform. We treat σ6, σ7 in Appendix A.2
and σ8 in Appendix A.3.

4.2.1.3. The complete classification

We now have the classification of morphisms that we need for step 1 of Theorem 4.2.11,
we illustrate it in Figure 4.1.

Note that, up to this point, we only gave examples of morphisms that generate
a purely morphic sequence that is aperiodic, but we can also find some periodic
morphisms.

Example 4.2.10. The following morphisms generate a purely morphic sequence that is
eventually periodic.

• σ9 : 0 7→ 01,1 7→ 01 is primitive.

• σ10 : 0 7→ 010,1 7→ 1 is non-growing, tame and virtually quasi-uniform.

• σ11 : 0 7→ 01,1 7→ 1 is wild.

We treat them in Appendix A.4.
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primitive

q.u.

v.q.u.

p.d.

v.p.d.

e.d.

v.e.d.

σ1

σ2

σ5

σ3σ6
σ4 σ7 σ8

Figure 4.1.: Classification of morphisms
The outer ring represents all morphisms, the middle ring represents tame morphisms
and the inner ring represents growing morphisms. The points σi are given in Exam-
ples 4.2.3 and 4.2.9.

4.2.2. Pansiot’s theorem
4.2.2.1. The statement

With the classification presented in Figure 4.1, the precise formulation of Theo-
rem 4.1.10 is the following.

Theorem 4.2.11 ([Pan84]). Let x :=σ∞(x0) be a purely morphic sequence that satisfies
Assumption 4.2.1.

(i) If x is eventually periodic, then px(n) =Θ(1).
(ii) If x is aperiodic and σ is virtually quasi-uniform, then px(n) =Θ(n).
(iii) If x is aperiodic andσ is virtually polynomially divergent, then px (n) =Θ(n loglogn).
(iv) If x is aperiodic andσ is virtually exponentially divergent, then px (n) =Θ(n logn).
(v) If x is aperiodic and σ is wild, then px(n) =Θ(n2).

Remark 4.2.12. (i) Assumption 4.2.1 is mandatory for Theorem 4.2.11, otherwise some
letters that do not occur in x could have growth rates that modify the classification of σ.

(ii) Theorem 4.2.11 (i) is due to Theorem 2.2.5.
(iii) If σ is non-growing and tame, Proposition 4.2.6 states that px(n) =Θ(pσ̂∞(x̂0)(n))

where σ̂ is growing so it suffices to show Theorem 4.2.11 (ii), (iii) and (iv) for growing
morphisms.
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4.2.2.2. Computability

Theorem 4.2.11 provides a method to solve the following algorithmic problem:

PMClass : Input : A morphism σ :A→A∗ and a prolongeable letter x0 ∈A
Output : The complexity class of the purely morphic sequence σ∞(x0)

We give a formal algorithm in Figure 4.2.

PMClass(σ, x0) :

if σ∞(x0) is eventually periodic:

return "Θ(1)"

else if σ is tame:

if σ is non-growing:

σ= σ̂
if σ is quasi uniform:

return "Θ(n)"

else if σ is polynomially divergent:

return "Θ(n loglogn)"

else if σ is exponentially divergent:

return "Θ(n logn)"

else if σ is wild:

return "Θ(n2)"

Figure 4.2.: A formal algorithm for PMClass

This algorithm raises three computability problems.

1. Compute the growth rate coefficients (αa ,βa) of any letter a.

2. Decide if a purely morphic sequence is eventually periodic or not.

3. Decide if a morphism is tame or wild.

For Problem 1, we refer to the proof of Theorem 3.2.1 given in [CN10, Theorem
4.7.15] which uses the incidence matrix of morphisms. For each a ∈A, consider the
incidence matrix Ma of the morphism σ restricted to the letters that appear in a σn(a)
for some n ≥ 0. Then, with the Jordan normal form of Ma , βa is the spectral radius
and αa is the degree of a polynomial.

Problem 2 was solved by Pansiot in [Pan86] by reducing the problem to irreducible
morphisms and solving it in this case.

39



4. Factor complexity of morphic sequences – 4.3. Factor complexity of morphic
sequences

For Problem 3, recall that we defined wildness with propertyP1 (cf. Definition 3.3.1).
Thanks to Proposition 3.3.3, property P1 is equivalent to property P2, which is easily
checkable.

4.3. Factor complexity of morphic sequences
Theorem 4.1.15 is obtained from Propositions 4.3.25 to 4.3.29, in order to state them
we proceed in two steps:

1. Develop a combinatorial structure for the factors of the morphic sequence.

2. Compute the factor complexity from the combinatorial structure.

Step 1 begins with a refinement of the distinction between bounded and growing
letters called the order of letters, then we introduce k-blocks and their evolutions,
and we explain the crucial notion of continuously periodic evolutions. For step 3 we
directly state the results that link the continuously periodic evolutions to the factor
complexity.

With the previous section, we can already classify the morphisms that produce the
complexity classesΘ(n1+1/k ).

Lemma 4.3.1. Let y := τ(σ∞(x0)) be a morphic sequence. If σ is tame, then we have
py (n) =O(n logn). A fortiori, if py (n) = Θ(n1+1/k ) for some k ≥ 1, then σ is non-
growing and wild.

Proof. Let x :=σ∞(x0) be the purely morphic sequence such that y = τ(x). Lemma 4.1.11
states that py (n) =O(px(n)) andσ is tame so with Theorem 4.2.11 we necessarily have
px(n) =O(n logn).

From now on, y will always denote the morphic sequence τ(σ∞(x0)) ∈AN generated
by the coding τ :A→A, the morphism σ :A→A∗ and the prolongeable letter x0 ∈A,
and x will always denote the purely morphic sequence σ∞(x0).

Assumption 4.3.2. Without loss of generality, we assume that

1. Every letter of A occurs in x (cf. Assumption 4.2.1),

2. σ is a substitution (i.e., it is non-erasing) thanks to [AS03, Theorem 7.7.1],

3. σ is non-growing and wild thanks to Lemma 4.3.1.
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4.3.1. Classification of k-blocks
4.3.1.1. Order of letters

Definition 4.3.3. Let a ∈A have growth rate coefficients (αa ,βa) ∈ (N,R≥1) (cf. Theo-
rem 3.2.1).

• If βa = 1, we say that a has order αa +1 ≥ 1. This means that (|σn(a)|)n≥0 grows
polynomially.

• If βa > 1, we say that a has order ∞. This means that (|σn(a)|)n≥0 grows exponen-
tially.

Remark 4.3.4. The letters of order 1 are the bounded letters.

We can then define the maximal finite order of letters.

Definition 4.3.5. With Assumption 4.3.2 3., σ has letters of order 1 and we define O(σ)
as the maximal finite order of letters in A.

The following lemma describes the behavior of letters depending on their order.

Lemma 4.3.6 ([Dev18, Lemma 3.1]). Let σ :A→A+ be a substitution and let a ∈A.
(i) If a has order k, then σ(a) contains at least one letter of order k.
(ii) If a has order k <∞ and there exists n ≥ 1 such that a ⊏σn(a), then for all n ≥ 0

a unique letter cn of order k occurs in σn(a) and the sequence (cn)n≥0 is periodic.
(iii) If a has order k <∞ and a ̸⊏ σn(a) for all n ≥ 1, then there exists n such that

every letter of order k occuring in σn(a) is periodic.
(iv) If a has order ∞, then there exists n ≥ 1 such that σn(a) contains two letters of

order ∞.
(v) If a has order k > 1 and occurs in σn(a) for some n ≥ 1, then at least one letter of

order k −1 occurs in σn(a).

Remark 4.3.7. A consequence of Lemma 4.3.6 (v) is that there exist letters of finite order
k for each k ∈ J1,O(σ)K.

Definition 4.3.8. Let k ≥ 1. If u ∈A∗ contains a letter of order > k, we denote the first
letter of order > k in u by LLk (u) and the prefix before LLk (u) by Pk (u) which contains
only letters of order ≤ k. Symmetrically, we denote the last letter of order > k in u by
RLk (u) and the suffix after RLk (u) by Sk (u) which contains only letters of order ≤ k.

Example 4.3.9. Consider the substitution σ : 0 7→ 010,1 7→ 12,2 7→ 23,3 7→ 3. The letter 3
has order 1, the letter 2 has order 2, the letter 1 has order 3 and the letter 0 has order ∞.
We can then decompose the word 20123 in several ways:

ε 2 01 2 3
P1 LL1 RL1 S1

or
2 0 1 23
P2 LL2 RL2 S2

or
2 0 123
P3 LL3 = RL3 S3

.
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4.3.1.2. k-blocks

In [Dev18], Devyatov introduced k-blocks as occurrences in the purely morphic se-
quence x. We give here an equivalent definition that uses words without considering
their positions.

Definition 4.3.10. For k ≥ 1, a k-block of x :=σ∞(x0) is a triplet (a,u,b) ∈A×A∗×A
such that u contains only letters of order ≤ k, a and b are letters of order > k and
aub ⊏ x. In particular, if u := (a,u,b) is a k-block of x, then the letter a (resp. b) is its
left (resp. right) border and cor e(u) := u is its core.

With this definition, the purely morphic sequence x can naturally be split into cores
of k-blocks.

Lemma 4.3.11 ([Dev18, Lemma 4.3]). (i) If x0 has order K <∞, then x0 is the only letter
of order K in x :=σ∞(x0), it only occurs once, and x has no k-block for k ≥ K −1. Also,
for each k ∈ J1,K −2K, x splits into a concatenation of (possibly empty) cores of k-blocks
and letters of order > k.

(ii) If x0 has order ∞, then x has k-blocks for all k ≥ 1, but they do not depend on k as
soon as k ≥O(σ). Also, for each k ∈ J1,O(σ)K, x splits into a concatenation of (possibly
empty) cores of k-blocks and letters of order > k.

The notion of 1-block had already appeared in the litterature because it only requires
to distinguish bounded letters from growing letters. We recall that B denotes the set of
bounded letters and C =A\B denotes the set of growing letters (with regard to σ), so
that the 1-blocks of x :=σ∞(x0) are the triplets (a,u,b) ∈ C×B∗×C such that aub ⊏ x.
Then we get that 1-blocks are very special k-blocks because they always have a strong
periodic structure.

Proposition 4.3.12 ([CN10, Proposition 4.7.62]). If x := σ∞(x0) is a purely morphic
sequence, then there exists a finite subset Q ⊆ C× (B∗)5 ×C such that L (x)∩ (CB∗C)
equals the set of all words of the form

au1vk
1 w vk

2 u2b

with (a,u1, v1, w, v2,u2,b) ∈Q and k ≥ 1.

4.3.1.3. Evolutions of k-blocks

The borders of k-blocks are also valuable because they contribute to building chains
of k-blocks.

Definition 4.3.13. Let k ≥ 1 and let u= (a,u,b) be a k-block of x :=σ∞(x0). As aub ⊏ x,
we haveσ(a)σ(u)σ(b)⊏σ(x) = x, and by Lemma 4.3.6 (i),σ(a) andσ(b) both contain
a letter of order > k so

v= ( RLk (σ(a)) , Sk (σ(a)) σ(u) Pk (σ(b)) , LLk (σ(b)) )

is a k-block of x. We call v the descendant of u and we write v=D(u).
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Definition 4.3.14. Let k ≥ 1 and let u= (a,u,b) be k-block of x. If there is no k-block
v of x that occurs before u in x such that u=Dℓ(v) for some ℓ≥ 1, we say that u is an
origin. In particular, this implies that aub ⊏σ(c) for some c ∈A.

This leads to the following definition.

Definition 4.3.15. For k ≥ 1, an evolution of k-blocks of x :=σ∞(x0) is a sequence
E = (Eℓ)ℓ≥0 where E0 is an origin of order k in x and Eℓ+1 =D(Eℓ) for all ℓ≥ 0.

Remark 4.3.16. For all k ≥ 1, every k-block belongs to an evolution, each evolution of
k-blocks is determined by its origin and x has a finite number of evolutions of k-blocks.

Example 4.3.17. Following Example 4.3.9, the substitution σ produces

x :=σ∞(0) = 0101201012230101201012232330101201012230101201012232332333...

The three evolutions of 1-blocks of x are

(0,ε,1)

(1,ε,0) 7→ (2,ε,0) 7→ (2,3,0) 7→ (2,33,0) 7→ (2,333,0) 7→ ...

(1,ε,2) 7→ (2,ε,2) 7→ (2,3,2) 7→ (2,33,2) 7→ (2,333,2) 7→ ...

The two evolutions of 2-blocks of x are

(0,ε,1)

(1,ε,0) 7→ (1,2,0) 7→ (1,223,0) 7→ (1,223233,0) 7→ (1,2232332333,0) 7→ ...

Note that (0,ε,1) and (1,ε,0) are origins of order 1 and 2 at the same time. Finally, the
unique evolution of 3-blocks of x is

(0,1,0) 7→ (0,12,0) 7→ (0,1223,0) 7→ (0,1223233,0) 7→ (0,12232332333,0) 7→ ...

Lastly, let us highlight the length of k-blocks.

Lemma 4.3.18 ([Dev18, Lemma 6.13]). If k ≥ 1 and E is an evolution of k-blocks of x,
then |cor e(Eℓ)| =O(ℓk ).

Remark 4.3.19. This last lemma is the reason why the order of a letter was defined by
αa +1 instead of αa . In Example 4.3.17 we can observe that the length of an evolution
of k-blocks does not necessarily grow likeΘ(ℓk ), in fact it will always grow likeΘ(ℓk ′

)
for some k ′ ∈ J0,kK.

4.3.1.4. Continuously periodic evolutions

To simplify the proof of Theorem 4.1.15, Devyatov replaced the substitution σ by a
sufficiently large powerσn . Then he proceeded to describe very precisely the structure
of k-blocks and their evolutions, this is the part where the coding τ comes into play.
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This relies entirely on a property of evolutions of k-blocks called continuous periodicity,
that has to do with the images τ(cor e(Eℓ)) of any evolution E . Instead of giving the
extended definition, we choose to give an approximate definition and to illustrate it
progressively.

Definition 4.3.20 ([Dev18]). For k ≥ 1, an evolution of k-blocks E of x is continuously
periodic in y if the images τ(cor e(Eℓ)) have a strong periodic structure when ℓ is large.

Let us give several cases of continuously periodic evolutions.

Remark 4.3.21. If y is eventually periodic, then every evolution of x is continuously
periodic.

Remark 4.3.22. (i) Due to Proposition 4.3.12, the 1-blocks already have a strong periodic
structure so their image by τ has it too. Therefore, as Devyatov emphasized in [Dev18,
Remark 7.17], every evolution of 1-blocks of x is continuously periodic.

(ii) On the contrary, for k ≥ 2, no k-block has a strong periodic structure unless it
contains only letters of order 1 or y is eventually periodic, so only the coding τ can create
continuously periodic evolutions of k-blocks.

Lemma 4.3.23. Suppose that there exist K ≥ 1 and a ∈A such that τ(b) = a for all b ∈A
of order ≤ K . Then, for all k ∈ J1,K K, every evolution of k-blocks of x is continuously
periodic.

Proof. Let k ∈ J1,K K and let E be an evolution of k-blocks of x. Then, by assumption,
we have τ(cor e(Eℓ)) ∈ {a}∗ for all ℓ≥ 0.

We provide a less trivial example of continously periodic evolution of 2-blocks.

Example 4.3.24. Consider the substitution σ : 0 7→ 010,1 7→ 32123,2 7→ 2,3 7→ 3 and the
coding τ : 0 7→ 0,1 7→ 3,2 7→ 2,3 7→ 3. Then the unique evolution of 2-blocks of σ∞(0) is

E : (0,1,0) 7→ (0,32123,0) 7→ (
0,(32)21(23)2,0

) 7→ (
0,(32)31(23)3,0

) 7→ ...

We deduce that τ(cor e(Eℓ)) = (32)2ℓ3 for all ℓ ≥ 0. Therefore, E is continuously
periodic.

4.3.2. Devyatov’s theorem
4.3.2.1. The statement

We now have all the tools to state the propositions that yield Theorem 4.1.15 (Propo-
sitions 1.2 to 1.6 in [Dev18]). For that, recall that x := σ∞(x0) is the purely morphic
sequence and that y := τ(x) is the morphic sequence.
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Proposition 4.3.25. If x0 has order 2, then py (n) =Θ(1).

Proof. With Lemma 4.3.6 (ii), x0 is the only letter of order ≥ 2 in x and it occurs only
once. This means that σ(x0) = x0u where u contains only bounded letters. We then
have x = x0uσ(u)σ2(u)σ3(u)..., and the sequence (σn(u))n≥0 is eventually periodic so
x is eventually periodic. Finally, y is also eventually periodic and Theorem 2.2.5 yields
py (n) =Θ(1).

Proposition 4.3.26. If x0 has finite order K ≥ 3 and there exists k ∈ J2,K −2K such that
x has an evolution of k-blocks that is not continuously periodic, let k ∈ J2,K −2K be the
first of these integers. Then we have py (n) =Θ(n1+1/(k−1)).

Proposition 4.3.27. Suppose that x0 has finite order K ≥ 3 and that, for all k ∈ J2,K −2K,
every evolution of k-blocks of x is continuously periodic.

(i) If y is eventually periodic, then py (n) =Θ(1).
(ii) If y is not eventually periodic, then py (n) =Θ(n1+1/(K−2)).

Proposition 4.3.28. If x0 has order ∞ and there exists k ≥ 2 such that x has an evolution
of k-blocks that is not continuously periodic, let k ≥ 2 be the first of these integers. Then
we have py (n) =Θ(n1+1/(k−1)).

Proposition 4.3.29. If x0 has order ∞ and there exists k >O(σ) such that all k-blocks
is continuously periodic, then we have py (n) =O(n log(n)).

Remark 4.3.30. Thanks to Remark 4.3.22 (i), the smallest order k for which we need to
check if the evolutions are continuously periodic in Propositions 4.3.26, 4.3.27 and 4.3.29
is 2.

4.3.2.2. Examples

Let us see how Devyatov’s theorem applies to some examples of increasing difficulty.
We start with examples for which the factor complexity is already known.

Example 4.3.31. If y = τ(σ∞(x0) is an eventually periodic morphic sequence, Theo-
rem 2.2.5 directly states that py (n) =Θ(1).

Now, in Remark 4.3.21 we saw that all its evolutions of k-blocks are continuously
periodic, so if x0 has finite order then Proposition 4.3.27 states that py (n) =Θ(1), and if
x0 has order ∞ then Proposition 4.3.29 states that py (n) =O(n log(n)).

Example 4.3.32. If τ is the identity and y is aperiodic, y is simply a purely mor-
phic sequence, and, since we assumed that σ is wild, Theorem 4.2.11 (v) states that
py (n) =Θ(n2).

Now, thanks to Remark 4.3.22 (ii), for all k ∈ J2,O(σ)K, no evolution of k-blocks is
continuously periodic. Then, Proposition 4.3.27 (ii) states that py (n) =Θ(n2) if x0 has
order 3, Proposition 4.3.26 states that py (n) = Θ(n2) if x0 has finite order K ≥ 4 and
Proposition 4.3.28 states that py (n) =Θ(n2) if x0 has order ∞.
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Example 4.3.33. Let k ≥ 1, let x := σ∞(a) and y := τ(x) be the sequences defined in
Example 4.1.14. It was already proven by Pansiot that py (n) =Θ(n1+1/k ).

Now, the letter bi has order i for all i ∈ J1,k + 1K and the letter a has order k +2.
Then, because τ(bi ) = 0 for all i ∈ J1,kK, Lemma 4.3.23 ensures that, for every i ∈ J1,kK,
every evolution of i -blocks of x is continuously periodic. Also, y is aperiodic so Proposi-
tion 4.3.27 (ii) states that py (n) =Θ(n1+1/k ).

Let us also study a new example.

Example 4.3.34. Following Example 4.3.24, we get that every evolution of 2-blocks of
x is continuously periodic. However, the evolution of 3-blocks of x is not continuously
periodic so Proposition 4.3.28 states that py (n) =Θ(n3/2).

4.4. Open questions

4.4.1. Improved complexity classes
Regarding the factor complexity of purely morphic sequences, we report a conjecture
suggested by Julien Cassaigne.

Conjecture 4.4.1. If a purely morphic sequence x satisfies px(n) =Θ( f (n)) where
f (n) ≥ n loglogn, then there exists a constant C > 0 such that px(n) ∼C f (n).

This is supported by all the examples we could find in the litterature. However, this
does not hold for theΘ(n) complexity: with the factor complexity of the Thue-Morse
sequence (cf. Example 4.1.3), we have liminf

n→∞ px(n)/n = 2 and limsup
n→∞

px(n)/n = 4.

4.4.2. New complexity classes
After the partial classification of morphic sequences in Theorem 4.1.15, we naturally
ask wether there are morphic sequences with new factor complexity below n logn. So
far, no such sequence has been found, which suggests the following conjecture.

Conjecture 4.4.2. The factor complexity of morphic sequences is either Θ(1), Θ(n),
Θ(n loglogn) orΩ(n logn).

Another related question would be to understand what can be the complexity of
a purely morphic sequence x given the factor complexity of the morphic sequence
y := τ(x). We already have the following remarks:

1. Lemma 4.1.11 yields px(n) =Ω(py (n)),

2. We can always have py (n) = px(n) with the identity coding,

3. If py (n) =Θ(1), then x can have any factor complexity since we can take a coding
τ that maps every letter to a single letter,
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We summarize the possibilities in the following table.

px(n)
py (n)

Θ(1) Θ(n) Θ(n loglogn) Θ(n logn) Θ(n1+1/k )

Θ(1) ✓ ✗ ✗ ✗ ✗

Θ(n) ✓ ✓ ✗ ✗ ✗

Θ(n loglogn) ✓ ? ✓ ✗ ✗

Θ(n logn) ✓ ? ? ✓ ✗

Θ(n2) ✓ ? ? ? ✓
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- Maman ?
- Qu’est-ce qu’il y a ?
- Rien. Je voulais seulement m’assurer qu’il y a
encore un joli mot qui sert à quelque chose.

Quino
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In symbolic dynamics, a very natural property of subshifts is minimality, meaning
that the orbit of every point is dense. In this chapter we consider substitution subshifts
on AZ, that are generated by a single substitution. Many results were proven in
this framework, for instance, Damanik and Lenz [DL06] proved that a substitution
subshift is minimal if and only if it is linearly recurrent. As a simple way to construct
minimal subshifts, it is well-known that primitive substitutions generate minimal
subshifts (see for example [Que87]), like the Fibonacci substitution σF : 0 7→ 01,1 7→ 0.
Some non-primitive substitutions also generate minimal subshifts, like the Chacon
substitution σC : 0 7→ 0010,1 7→ 1, which is even non-growing because the letter 1 is
bounded. Acknowledging that it is crucial to distinguish growing and bounded letters,
Shimomura [Shi19] introduced a weaker version of primitivity, called ℓ-primitivity,
that means being primitive when removing the bounded letters. Moreover, in a
recent interest towards non-minimal substitution subshifts, Maloney and Rust [MR18]
noticed that tameness (cf. Section 3.3) is essential for minimality. The idea is that a
wild (i.e., not tame) substitution will generate an infinite periodic sequence which
might prevent minimality. In his same article, Shimomura showed that these two
properties characterize the minimal substitution subshifts: a substitution subshift Xσ

is minimal if and only if there exists a tame and ℓ-primitive substitution σ′ such that
Xσ = Xσ′ .

Now that minimal substitution subshifts are well-understood, the next step is to
describe the structure of non-minimal substitution subshifts. In this direction, Béal,
Perrin and Restivo [BPR24] showed that any substitution subshift is quasi-minimal,
meaning that it has a finite number of subshifts; and Bezuglyi, Kwiatowski and Me-
dynets [BKM09] showed that any growing substitution subshift on d letters has at
most d minimal components. The number of subshifts - or the number of minimal
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components - can then be seen as a measure of the complexity of the subshift, and this
chapter is dedicated to the study of the minimal components of substitution subshifts.

For growing substitutions, we have encouraging results. The upper bound of their
number in [BKM09] is already important, but it does not describe the minimal compo-
nents themselves. On that note, one known family of minimal components is given by
what Durand called main sub-substitutions: they are primitive substitutions obtained
by restricting a suitable power of the original substitution to a suitable subalphabet.
Each of them generates a minimal component, and they are thought to generate all the
minimal components. To support this idea, the analog of main sub-substitutions was
introduced by Cortez and Solomyak [CS10] in the framework of tiling substitutions on
Rd , and they show that the minimal components are exactly the subshifts generated by
these sub-substitutions. In particular, it is remarkable that every minimal component
is itself a substitution system.

For non-growing substitutions, another family of minimal components arises from
wildness. The idea, mentionned earlier, originates from the closely related framework
of D0L-systems, where Ehrenfeucht and Rozenberg [ER83c] begin the investigation of
infinite repetitions in their language and Klouda and Starosta [KS15] provide effective
results. More precisely, if a substitution is wild, then there exists a growing letter
that generates a periodic sequence over bounded letters to its left or to its right.
Notably, this was already used by Pansiot [Pan84] to characterize purely morphic
sequences with factor complexityΘ(n2). With the work of Maloney and Rust [MR18]
and Shimomura [Shi19], this transposes to the framework of substitution subshifts,
where, in particular, each such periodic sequence provides a minimal component.

Based on our paper [Hen25], this chapter presents advances in the study of the
minimal components of substitution subshifts.

• In Theorem 5.1.24 we characterize the minimal components of any substitu-
tion subshift. We distinguish two types of minimal components that we study
separately: the first type are smaller substitution subshifts generated by a gener-
alization of main-substitutions that are ℓ-primitive and tame, the second type
are periodic orbits over bounded letters produced by a wild substitution.

• In Propositions 5.4.1, 5.4.4 and 5.4.5 we show that the substitution induces a
permutation on the minimal components that can be read from directed graphs.

• In Corollary 5.1.30, we bound the number of minimal components as a func-
tion of the alphabet size, generalizing the previously known bound to the non-
growing case.

In our effort to make the characterization as effective as possible, we obtain that the
number of minimal components of a given substitution subshift is computable. This
is paired with a Python implementation of the computation of minimal components
at https://codeberg.org/RaphaelHENRY/MinimalComponents.git. As a way to
apply our results to various examples, we compute the minimal components for all
substitutions on two letters. We conclude this chapter by opening the study to what
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5. Minimal components of substitution subshifts – 5.1. Preliminaries

we call irreducible components and briefly discussing potential generalizations of our
results to other types of subshifts.

5.1. Preliminaries

5.1.1. Substitution subshifts
Recall that, for a given subtitution σ :A→A+, the set of bounded letters is denoted
by B and the set of bounded letters is denoted by C (cf. Definition 3.2.2).

Definition 5.1.1. Let σ : A→A+ be a substitution. If u ∈A∗ (resp. if X ⊆AZ), we
define alphC(u) :=L (u)∩C (resp. alphC(X ) :=L (X )∩C) as the set of growing letters
that occurs in u (resp. in X ).

Definition 5.1.2. If σ :A→A+ is a substitution and there exists a growing letter a ∈A,
then the associated substitution subshift is the set

Xσ := {
x ∈AZ

∣∣ L (x) ⊆L (σ)
}

.

In particular, we always have L (Xσ) ⊆L (σ). If A⊂L (Xσ), we say that σ is admis-
sible.

Example 5.1.3. The substitution σ : 0 7→ 12,1 7→ 22,2 7→ 11 is not admissible because
Xσ = X (ω12ω)∪X (ω21ω) and 0 ∉L (Xσ).

5.1.2. Minimal substitution subshifts
Primitive substitutions are known to generate minimal systems.

Theorem 5.1.4 (Folklore). If σ :A→A+ is a primitive substitution, then the subshift
Xσ is minimal and linearly recurrent.

In fact, primitivity is more than a sufficient condition for minimality.

Theorem 5.1.5 ([MR18, Theorem 2.1]). Let Xσ ⊆AZ be a minimal substitution subshift.
Then there exists another finite alphabet D and a primitive substitution τ : D→D+

such that Xτ is topologically conjugate to Xσ.

Non-primitive substitutions can also generate minimal subshifts, like the non-
growing Chacon substitution σC : 0 7→ 0010,1 7→ 1. Acknowledging that it is crucial to
distinguish growing and bounded letters in order to characterize minimality, Shimo-
mura introduced in [Shi19] a weaker version of primitivity.

Definition 5.1.6. We say that a substitution σ is ℓ-primitive if there exists n ≥ 1 such
that a ⊏ σn(b) for all a,b ∈ C (recall that C (resp. B) denotes the set of growing (resp.
bounded) letters).
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Note that, for growing substitutions, ℓ-primitivity is the same as primitivity. Now,
the ℓ-primitivity of a substitution depends only on its incidence matrix, but it is
not sufficient to ensure minimality because an ℓ-primitive substitution generating a
minimal subshift can have the same incidence matrix as an ℓ-primitive substitution
generating a non-minimal subshift.

Example 5.1.7. Consider the two substitutions σ : 0 7→ 0010,1 7→ 1 and σ′ : 0 7→ 0001,
1 7→ 1. For both we have C = {0} and B = {1}, they have the same incidence matrix and
they are both ℓ-primitive. However, Xσ is known to be minimal but {ω1ω} ̸⊆ Xσ′ so Xσ′

is not minimal.

The missing property to solve this ambiguity is tameness, we define it with property
P2 in Definition 3.3.4. First, if σ :A→A+ is a substitution, we say that a letter c ∈ C
is left-isolated (resp. right-isolated) if there exist n ≥ 1, u ∈B+ and v ∈A∗ such that
σn(c) = ucv (resp. σn(c) = vcu). We define Cl i so (resp. Cr i so) the set of left-isolated
(resp. right-isolated) letters, and Cni so the set of growing letters that are neither left-
nor right-isolated.

Definition 5.1.8. We say that a substitution σ is tame if Cl i so = Cr i so =;, otherwise we
say that σ is wild.

Now Proposition 3.3.3 states that a substitution σ is wild if and only if the set
L (σ)∩B∗ is infinite. In that case, by compacity the subshift Xσ will contain a sequence
in BZ, which can be an obstacle for minimality.

Example 5.1.9. Following Example 5.1.7, σ does not have property P2 so it is tame,
but σ′ has property P2 so it wild and the resulting sequence ω1ω ∈BZ is the obstacle to
minimality.

Shimomura then showed that these two properties characterize the minimal substi-
tution subshifts.

Theorem 5.1.10 ([Shi19, Theorem A]). Let σ :A→A+ be a substitution.
(i) Suppose that σ is tame and ℓ-primitive. Then, Xσ is minimal.
(ii) Suppose that Xσ is minimal and is not a single periodic orbit. Then σ is tame and

there exists a unique subalphabet D ⊆A and a tame and ℓ-primitive restriction σ|D
such that Xσ = Xσ|D .

As single periodic orbits are minimal and can be expressed as a substitution subshift,
this result gives an equivalent class for minimal substitution subshifts.

Corollary 5.1.11 ([Shi19, Corollary B]). Let M be the class of all minimal substitu-
tion subshifts. Let M ′ be the class of all Xσ such that σ is a tame and ℓ-primitive
substitution. Then, it follows that M =M ′.

This also allowed to generalize [DL06, Theorem 1].

Corollary 5.1.12 ([Shi19, Corollary 3.33]). A substitution subshift is minimal if and
only if it is linearly recurrent.
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5.1.3. Minimal components
If X is a subshift, a minimal subshift Y ⊆ X is called a minimal component of X . If
X has a unique minimal component, we say it is essentially minimal, which is not
equivalent to being minimal as illustrated with Example 5.1.20. More generally, if X
contains a finite number of subshifts, we say it is quasi-minimal. In particular, every
substitution subshift is quasi-minimal.

Proposition 5.1.13 ([BPR24, Proposition 10.8]). Let σ :A→A∗ be a morphism. Then
Xσ is quasi-minimal.

Note that the same result had already been shown with various assumptions on the
substitution, see [MR18, Lemma 5.13] or [Ber+19, Proposition 5.14].

5.1.3.1. Minimal components for growing substitutions

When σ : A → A+ is a growing substitution, Durand [Dur02] defines main sub-
substitutions. As our goal is to generalize them, we will describe them only briefly.

By raising the incidence matrix of σ to a suitable power p, Durand introduces
principal primitive components of A, that are the disjoint alphabets Ai ⊆ A such
that σp (Ai ) ⊆A+

i and the restriction σp |Ai is primitive. The σp |Ai are called main
sub-substitutions and they generate the minimal components Xσp |Ai

.

Example 5.1.14. Consider the growing substitution σ : 0 7→ 11,1 7→ 00. Looking at σ2,
its main sub-substitutions are σ2|{0} and σ2|{1}, so Xσ2|{0}

= {ω0ω} and Xσ2|{1}
= {ω1ω} are

minimal components of Xσ. Note that, in this example, these are the only minimal
components.

More generally, we have an upper bound of the number of minimal components
that does not require to describe them.

Proposition 5.1.15 ([BKM09, Remark 5.7]). Let σ :A→A+ be a growing substitution.
Then Xσ has at most |A| minimal components.

Let us draw a parallel with a result from Cortez and Solomyak [CS10] in the frame-
work of admissible substitution tiling spaces on Rd .

Lemma 5.1.16 ([CS10, Lemma 2.9]). Let ω be an admissible tile substitution. Then, for
all k ≥ 2 we have Xωk = Xω.

This allows to replace ω by a suitable power ωp such that its incidence matrix pro-
vides alphabets Ai and primitive substitutions ωp |Ai like Durand. What is remarkable
in this framework is that this describes all the minimal components.

Proposition 5.1.17 ([CS10, Lemma 2.10 (i)]). Let ω be an admissible tile substitution
that provides primitive substitutions ω|Ai . Then the minimal components of Xω are the
Xω|Ai

.

As the Ai are pairwise disjoint, we get that any admissible tiling substitution system
on a set of tiles A has at most |A| minimal components, as in Proposition 5.1.15.
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5.1.3.2. Minimal components for non-growing substitutions

When a substitution is not growing, the production of bounded letters is closely related
to tameness because, thanks to Proposition 3.3.3, a substitution σ is wild if and only
if the set L (σ)∩B∗ is infinite. With property P1 however, we can be more precise
about the structure of sequences composed of bounded letters.

Lemma 5.1.18 ([MR18, Lemma 2.8],[Shi19, Lemma 3.8]). Let σ :A→A+ be a substitu-
tion. If σ is wild, then Xσ contains a periodic sequence in BZ.

Proof. Let c ∈ Cl i so (resp. c ∈ Cr i so), so that there exist n ≥ 1, u ∈B+ and v ∈A∗ such
that σn(c) = ucv or σn(c) = vcu. Without loss of generality, suppose that σn(c) = vcu.
Then a quick induction provides vℓ ∈A∗ such that σnℓ(c) = vℓcuσ(u)...σℓ−1(u) for all
ℓ≥ 1. Since u ∈B+ is not erased by σ, the sequence

(
σℓ(u)

)
l≥0 is eventually periodic

and non-empty so, as ℓ grows, the wordsσnℓ(c) produce an infinite periodic sequence
in Xσ∩BZ.

Remark 5.1.19. The proof of Lemma 5.1.18 is in fact more precise than its statement: it
shows that every letter of Cl i so (resp. of Cr i so) generates a periodic sequence x ∈ Xσ∩BZ,
therefore it generates the minimal component X (x) ⊆ Xσ∩BZ.

Example 5.1.20. Consider the substitution σ : 0 7→ 101,1 7→ 1, for which C = {0} and
B = {1}. We have 0 ∈ Cl i so ∩Cr i so and ω1ω ∈ Xσ∩BZ so {ω1ω} ⊆ Xσ∩BZ is a minimal
component. Note that Xσ = X (ω101ω) so {ω1ω} is its unique minimal component, thus
Xσ is essentially minimal but not minimal.

More generally, every sequence in Xσ∩BZ has a periodic structure.

Proposition 5.1.21 ([BPR24, Proposition 4.3]). Let σ : A→A+ be a substitution. If
x ∈ Xσ∩BZ, then there exists u, v, w ∈B+ and k ∈Z such that x = Sk (ωuw vω), where
the lengths of u, v, w are bounded by a computable integer depending only on σ.

We deduce a description of the minimal components of Xσ in BZ.

Corollary 5.1.22. Let σ : A → A+ be a substitution and let X ⊆ BZ be a minimal
component of Xσ, then there exists a word u ∈B+ such that X = X (ωuω). In other words,
every minimal component of Xσ∩BZ is a single periodic orbit.

Proof. Let x ∈ X . Then, by Proposition 5.1.21, there exist u, v, w ∈B+ and k ∈Z such
that x = Sk (ωuw vω). By closeness of subshifts, we have ωuω ∈ X , but X is minimal so
we have X = X (ωuω).

5.1.4. New results
In order to state our results, we distinguish two types of minimal components.

Definition 5.1.23. Let σ :A→A+ be a substitution and let X be a minimal component
of Xσ. If X ⊆BZ, we say that X is wild, otherwise we say that X is tame.
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This definition is inspired by the two types of minimal components previously de-
scribed. On the one hand, main sub-substitutions provide tame minimal components
in the growing case, so our goal is to generalize them to the general case and to show
that they are precisely the minimal components. On the other hand, Corollary 5.1.22
states that all the wild minimal components are single periodic orbits, so our goal is to
give an explicit characterization that is suited for describing the dynamics, computing,
and counting the minimal components. This is our main result:

Theorem 5.1.24. Let σ :A→A+ be a substitution.
(i) The tame minimal components of Xσ are the Xτ where τ is a main sub-substitution

of σ, i.e., a computable substitution of the form σk |D ∪B where D is a suitable subal-
phabet of C and k is an integer that characterizes D.

(ii) The wild minimal components of Xσ are the X (ωLP (c)ω) where c ∈ Cl i so and
LP (c) is a computable word in B+, and the X (ωRP (c)ω) where c ∈ Cr i so and RP (c) is a
computable word in B+.

Remark 5.1.25. In the growing case, Durand’s definition of main sub-substitutions
and Proposition 5.1.17 rely on raising the substitution to a suitable power. This has the
benefit of simplifying the cyclic behaviour of subalphabets, but we do not do this here
for several reasons:

(i) Lemma 5.1.16 also holds for admissible substitutions on AZ but not for non-
admissible ones: in Example 5.1.3, we have Xσ = X (ω12ω)∪X (ω21ω) ̸= Xσ2 = X (ω21ω).

(ii) It would hide the dynamical aspects we focus on in Sections 5.2.1.3 and 5.4.
(iii) It would make computation significantly longer when we want our result to be

as efficient as possible.

In Section 5.2 we prove Theorem 5.1.24 (i). We first introduce minimal alphabets
(Definition 5.2.5), not with matrices but with an oriented graph, and we show that the
restrictions to these alphabets provide tame minimal components which generalize
main sub-substitutions (Definition 5.2.16). To prove that all tame components have
this form, we use the fact that the substitution σ induces a permutation σ̃ on the
subshifts of Xσ.

In Section 5.3 we prove Theorem 5.1.24 (ii) by constructing the computable words
LP (c) and RP (c) (Equations (2) and (3)) that depend only onσ and the letter c . By con-
struction, ωLP (c)ω and ωRP (c)ω are the periodic sequences exhibited in Remark 5.1.19,
and we take inspiration from a result in D0L-systems to show that they are precisely
the periodic sequences in Corollary 5.1.22.

In Section 5.4 we show that σ̃ induces a permutation on the tame (resp. wild)
minimal components of Xσ, and that its action is described by the directed graphs we
built to prove our theorem.

Example 5.1.26. The different constructions and results throughout Sections 5.2 to 5.4
will be illustrated with the substitution

σ : 0 7→ 141,1 7→ 00,2 7→ 242,3 7→ 5435,4 7→ 5,5 7→ 6,6 7→ 5,

for which C = {0,1,2,3}, B = {4,5,6} and Cl i so = Cr i so = {3}.
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Remark 5.1.27. In practice, we display minimal components in their reduced form: for
every tame component X = Xσk |D∪B , there is a unique alphabetE such thatD ⊆ E ⊆D∪B,

σk |E is defined and admissible and X = Xσk |E ; for every wild component X = X (ωuω),
there is a primitive word v such that X = X (ωvω).

In the last two sections we emphasize the effectiveness of our characterization. In
Section 5.5 we begin by showing a known computability result for which we could not
find a proper proof:

Proposition 5.1.28. Let σ :A→A+ be a substitution. Then B and C are computable.

As an application of our theorem, we are able to compute and count the minimal
components of a given substitution subshift. If σ : A → A+ is a substitution, the
number of minimal components is denoted by MC (σ).

Corollary 5.1.29. Let σ :A→A+ be a substitution. Then MC (σ) is computable.

In particular, we can decide if Xσ is essentially minimal. A Python implementa-
tion of the computation of B and C, of the minimal components of a given substi-
tution subshift as well as their number can be found at https://codeberg.org/
RaphaelHENRY/MinimalComponents.git. According to Remark 5.1.27, we output
the tame components of the form Xσk |E as the couple (E ,k) and the wild components
as the primitive word v .

We also bound MC (σ) by the size of the alphabet, as in Proposition 5.1.15.

Corollary 5.1.30. Let σ :A→A+ be a substitution.
(i) If |B| = 0, then MC (σ) ≤ |C| = |A|.
(ii) If |B| = 1, then MC (σ) ≤ |C| = |A|−1.
(iii) If |B| ≥ 2, then MC (σ) ≤ 2|C| ≤ 2|A|−4.

We provide examples to show that these upper bounds - in fact every number
between 1 and the upper bound - can be reached.

Finally, in Section 5.6 we detail the computation of the minimal components for all
substitutions on two letters, which provides numerous examples to illustrate the tools
developed.

Remark 5.1.31. The non-erasing assumption on the substitution can be removed
from all our results, the only difference being that computing bounded letters is more
complicated.

In particular, as D0L-systems are defined with morphisms instead of substitutions, the
way we characterize, compute and count the wild components of substitution subshifts
can be directly used to characterize, compute and count the infinite repetitions over
bounded letters in a D0L-system.

To conclude, we discuss in Section 5.7 some open questions and generalizations of
our results.
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5.2. Tame minimal components

5.2.1. Dynamics of alphabets
5.2.1.1. Minimal alphabets

In this section we identify the subalphabets D ⊆A for which there exists k ≥ 1 such
that σk (D) ⊆ D+ in order to study the restrictions σk |D : D → D+. Our goal is to
determine when such a restriction is ℓ-primitive and tame (so that it generates a
minimal substitution subshift) so we study the action of σ on the subalphabets of C
rather than on the subalphabets of A, and we later add the bounded letters.

Definition 5.2.1. In order to represent how σ acts on the subalphabets of C, we define
the directed graph G := (V ,E) by

• V :=P(C)\{;},

• E :=
{(

D,
⋃

a∈D
alphC(σ(a))

) ∣∣∣∣∣ D ∈V

}
⊆V 2.

If (D,D′) ∈ E , we write D→D′. If k ≥ 1 and D→ ... →︸ ︷︷ ︸
k times

D′, we write D −→
k
D′, and in that

case D′ = ⋃
a∈D

alphC

(
σk (a)

)
.

Example 5.2.2. Following Example 5.1.26, the graph G has 15 vertices so let us display
the orbit of the singletons only:

{0} {1} {2} {3}

The following lemma shows that G behaves well with inclusion and union.

Lemma 5.2.3. Let k ≥ 1 and D1,D2,D3,D4 ∈V .
(i) If D1 ⊆D2, D1 −→

k
D3 and D2 −→

k
D4, then D3 ⊆D4.

(ii) If D1 →D3 and D2 →D4, then D1 ∪D2 →D3 ∪D4.

Proof. The proof is left to the reader.

Remark 5.2.4. Lemma 5.2.3 (ii) implies that the graph G is entirely determined by the
alphabets Da such that {a} →Da for each a ∈ C. We call these alphabets the generators
of G, they are particularly relevant when we do computations.

New let us identify the cyclic behaviors in G .

Definition 5.2.5. We say that D ∈V is a k-periodic alphabet if k is the smallest positive
integer such that D −→

k
D. We say that D ∈V is a minimal alphabet if there exists k ≥ 1

such that D is k-periodic and has no proper periodic subalphabet.
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Note that every periodic alphabet contains at least one minimal alphabet.

Lemma 5.2.6. Let D be a minimal alphabet of period k and let E such that D → E .
Then E is a minimal alphabet of period k.

Proof. First, E is a k-periodic alphabet. Let E ′ ⊆ E be a k ′-periodic subalphabet. Also
let D′ be the k ′-periodic alphabet such that E ′ −−→

k−1
D′. We have E −−→

k−1
D so, by

Lemma 5.2.3 (i), D′ ⊆D. Then, as D is minimal, we have D′ =D and k ′ = k. Finally,
we have E ′ −→

k
E ′ and E ′ −−→

k−1
D→ E so E ′ = E .

We now show an equivalent property to the minimality of alphabets, which will be
easier to handle in the proofs.

Lemma 5.2.7. Let D be a k-periodic alphabet. Then D is minimal if and only if for all
a ∈D, there exists la ≥ 1 such that {a} −−→

kℓa

D.

Proof. Suppose that D is minimal. Let a ∈D, and for all ℓ≥ 1, let Dℓ be the subalpha-
bet such that {a} −→

kℓ
Dℓ. Then, as {a} ⊆D and D −→

kℓ
D, by Lemma 5.2.3 (i), Dℓ ⊆D. As

V is finite, the sequence (Dℓ)lℓ≥1 is eventually periodic, which means that there exists
ℓa ≥ 1 such that Dℓa is a periodic alphabet. Then, by minimality of D, Dℓa =D.

Suppose that for all a ∈D, there exists ℓa ≥ 1 such that {a} −−→
kℓa

D. Let D′ ⊆D be

a minimal k ′-periodic alphabet and let a ∈D′. By supposition, there exists ℓa such
that {a} −−→

kℓa

D. Moreover, by the previous implication, there exists ℓ′a ≥ 1 such that

{a} −−−→
k ′ℓ′a

D′. By setting ℓ= max(ℓa ,ℓ′a), we get {a} −−−→
kk ′ℓ

D and {a} −−−→
kk ′ℓ

D′, so D =D′.

Hence D is minimal.

Remark 5.2.8. Lemma 5.2.7 implies that the minimal alphabets are in the orbit of the
singletons {a} for a ∈ C. Therefore, when searching for minimal alphabets we only need
to compute these orbits instead of the entire graph G.

Example 5.2.9. Following Example 5.2.2, the minimal alphabets are the 2-periodic
alphabets {0} and {1} and the 1-periodic alphabets {2} and {3}.

We also prove a natural fact that will be useful when we count minimal components
in Section 5.5.

Proposition 5.2.10. The minimal alphabets are pairwise disjoint.

Proof. Let D and D′ be two minimal alphabets of respective period k and k ′ such that
D∩D′ ̸= ;. Let a ∈D∩D′. By Lemma 5.2.7, there exists ℓa ≥ 1 such that {a} −−→

kℓa

D

and ℓ′a ≥ 1 such that {a} −−−→
k ′ℓ′a

D′. By setting ℓ = max
(
ℓa ,ℓ′a

)
, we get {a} −−−→

kk ′ℓ
D and

{a} −−−→
kk ′ℓ

D′, hence D =D′.

58



5. Minimal components of substitution subshifts – 5.2. Tame minimal components

5.2.1.2. ℓ-primitivity on subalphabets

If D is a k-periodic alphabet, we have the restriction σk |D∪B :D∪B→ (D∪B)+. We
show here that the restrictions to minimal alphabets are precisely the ℓ-primitive
sub-substitutions of σ.

Proposition 5.2.11. Let D be a k-periodic alphabet. Then, D is minimal if and only if
σk |D∪B is ℓ-primitive.

Proof. Thanks to Lemma 5.2.7, we are going to show that σk |D∪B is ℓ-primitive if and
only if for all a ∈D, there exists la ≥ 1 such that {a} −−→

kℓa

D.

Suppose that σk |D∪B is ℓ-primitive, which provides n ≥ 1 such that a ⊏σkn(b) for
all a,b ∈D. Then, for all a ∈D, we have alphC

(
σkn(a)

)=D, which yields {a} −−→
kn

D.

Suppose that, for all a ∈ D, there exists ℓa ≥ 1 such that {a} −−→
kℓa

D. By setting

n = max
a∈D

ℓa , we get {a} −−→
kn

D for all a ∈D, i.e., alphC(σkn(a)) =D, which means that

σk |D∪B is ℓ-primitive.

5.2.1.3. Dynamics of subshifts

A substitution σ : A → A+ induces a map σ̃ on the subshifts of Xσ: if X ⊆ Xσ is a
subshift, we define the subshift

σ̃(X ) :=
{

Sk (σ(x))
∣∣∣ x ∈ X ,k ∈Z

}
⊆ Xσ.

We recall that every sequence in a substitution subshift can be desubstituted.

Lemma 5.2.12. For all x ∈ Xσ, there exist y ∈ Xσ and k ∈Z such that x = Sk (σ(y)).

A proof of this lemma can be found in [BPR23, Theorem 5.1] for example. This
means that the reciprocal of σ̃ is defined, it is the subshift

σ̃−1(X ) := {x ∈ Xσ | σ(x) ∈ X } ⊆ Xσ,

such that, for all subshift X ⊆ Xσ, σ̃
(
σ̃−1(X )

) = X . More generally, for all subshift
X ⊆ Xσ and all n ≥ 1, σ̃n (σ̃−n(X )) = X .

Remark 5.2.13. If X ⊆ Xσ is a subshift such that alphC(X ) ̸= ;, then alphC (σ̃(X )) ̸= ;
and alphC(X ) → alphC (σ̃(X )). More generally, for n ≥ 1, alphC(X ) −→

n
alphC (σ̃n(X )).

We can now prove that the subshifts of Xσ have a strong cyclic behavior.

Proposition 5.2.14. Let X ⊆ Xσ be a subshift. Then there exists k ≥ 1 such that
σ̃k (X ) = X , and if in addition alphC(X ) ̸= ;, then alphC(X ) is a k-periodic alphabet
and we have Xσk |alphC (X )∪B ⊆ X .
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Proof. Consider the sequence of subshifts (σ̃−n(X ))n≥0. By Proposition 5.1.13, Xσ has
a finite number of subshifts so this sequence is ultimately periodic. By setting ℓ≥ 0
and k ≥ 1 the smallest integers such that σ̃−ℓ(X ) = σ̃−(ℓ+k)(X ), we obtain

σ̃k (X ) = σ̃ℓ+k (σ̃−ℓ(X )) = σ̃ℓ+k (σ̃−(ℓ+k)(X )) = X .

If alphC(X ) ̸= ;, with Remark 5.2.13 we have alphC(X ) −→
k

alphC(σ̃k (X )) = alphC(X ),

which means that alphC(X ) is k-periodic. Let u ∈L
(

Xσk |alphC (X )∪B

)
, then there exist

c ∈ alphC(X ) and ℓ ≥ 1 such that u ⊏ σkℓ(c). As c ∈ alphC(X ), there exists x ∈ X
such that c ⊏ x, then u ⊏ σkℓ(c) ⊏ σkℓ(x) ∈ σ̃kℓ(X ) = X so u ∈ L (X ). Therefore
L

(
Xσk |alphC (X )∪B

)
⊆L (X ), which yields Xσk |alphC (X )∪B ⊆ X .

Remark 5.2.15. This means that σ̃ is a permutation on the subshifts of Xσ.

5.2.2. Proof of Theorem 5.1.24 (i)
We are now able to generalize main sub-substitutions to the general case.

Definition 5.2.16. Let σ :A→A+ be a substitution. If D ⊆ Cni so is a minimal alphabet
of period k, we say that the substitution σk |D∪B is a main sub-substitution of σ. In
particular, main sub-substitutions are tame (because D ⊆ Cni so) and ℓ-primitive (by
Proposition 5.2.11).

Example 5.2.17. Following Example 5.2.9, we recall that Cni so = {0,1,2} so the minimal
alphabets included in Cni so are {0} of period 2, {1} of period 2 and {2} of period 1.
We then add the bounded letters that appear in the associated subshift, so the main
sub-substitutions of σ are σ2|{0,5}, σ2|{1,4,6} and σ|{2,4,5,6}.

Theorem 5.1.10 (i) directly provides the following result.

Proposition 5.2.18. Let τ be a main-substitution ofσ. Then Xτ is a minimal component
of Xσ.

The converse relies on Proposition 5.2.14.

Proposition 5.2.19. Let X be a tame minimal component of Xσ. Then there exists a
main sub-substitution τ of σ such that X = Xτ.

Proof. First, Proposition 5.2.14 provides k ≥ 1 such that alphC(X ) is k-periodic and
Xσk |alphC (X )∪B ⊆ X . Then, by minimality of X , we have equality. It remains to show that

σk |alphC(X )∪B is a main sub-substitution of σ.
As alphC(X ) ̸= ; and X is minimal, growing letters occur with bounded gaps in

X . In other words, the words in L
(

Xσk |alphC (X )∪B

)
∩B∗ have bounded length, so, by

Proposition 3.3.3, σk |alphC(X )∪B is tame, i.e., alphC(X ) ⊆ Cni so .
Proposition 5.2.14 also states that σ̃k (X ) = X , so we have σkℓ(d) ∈L (X ) for all

d ∈ alphC(X ) and all ℓ ≥ 0. As X is minimal, for ℓ large enough, σkℓ(d) contains
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every growing letter of alphC(X ). This means that σk |alphC(X )∪B is ℓ-primitive, and
by Proposition 5.2.11 alphC(X ) is minimal. Therefore, σk |alphC(X )∪B is a main sub-
substitution.

Propositions 5.2.18 and 5.2.19 complete the proof of Theorem 5.1.24 (i).

Example 5.2.20. Following Example 5.2.17, the tame minimal components of Xσ are
Xσ2|{0,5}

, Xσ2|{1,4,6}
and Xσ|{2,4,5,6} .

5.3. Wild minimal components

5.3.1. Maximal bounded factors
The purpose of this section is to prove Proposition 5.3.34, which is an analog of a result
proved for D0L-systems:

Proposition 5.3.1 ([KS15, Theorem 12]). Let G = (A,σ, w) be a pushy D0L-system (i.e.,
σ is wild). Then there exists L ≥ 1 and a finite subset U ⊆B+ such that any factor from
L (G)∩B∗ has one of the following forms:

• w1

• w1uk1
1 w2

• w1uk1
1 w2uk2

2 w3

where u1,u2 ∈U , |w j | < L for all j ∈ {1,2,3}, and k1,k2 ≥ 1.

Note that Proposition 4.3.12 is a similar result for purely morphic sequences. We are
going to be more precise by explicitly defining the words u1 and u2 as the computable
words LP (c) and RP (c) for specific growing letters c. To achieve that, we define the
following.

Definition 5.3.2. If c ∈ C and k ≥ 1, we say that v is a maximal bounded factor of σk (c)
if v ∈L

(
σk (c)

)∩B∗ and it is not a factor of any other word of L
(
σk (c)

)∩B∗. We also
say that a word is a maximal bounded factor of σ if it is a maximal bounded factor of a
σk (c) for some c ∈ C and k ≥ 0.

The purpose of maximal bounded factors is that they contain the structure of every
word of L (Xσ)∩B∗, as highlighted by the following remark.

Remark 5.3.3. As only growing letters generate images of arbitrarily large length, for all
u ∈L (Xσ)∩B∗, there exists c ∈ C and k ≥ 0 such that u ⊏σk (c). In particular, u is a
factor of a maximal bounded factor of σk (c).

5.3.1.1. 1-blocks

We adapt here the notion of 1-blocks, introduced by Devyatov for morphic sequences
(cf. Section 4.3.1.2), to substitution subshifts. For that we introduce different notations.
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Definition 5.3.4. If u ∈A∗ contains a growing letter, we denote the first growing letter
in u by LC (u) and the prefix before LC (u) by LB(u) ∈B∗. Symmetrically, we denote the
last growing letter in u by RC (u) and the suffix after RC (u) by RB(u) ∈B∗.

Example 5.3.5. If C = {0,1} and B = {2}, the words 22012001 and 202 have the following
decomposition:

22 0 1200 1 ε

LB LC RC RB
and

2 0 2
LB LC=RC RB

.

Definition 5.3.6. If c ∈ C and k ≥ 1, a 1-block of σk (c) is a triplet (a,u,b) ∈ C×B∗×C
such that aub ⊏σk (c). In general, we say that (a,u,b) is a 1-block of σ if it is a 1-block
of a σk (c) for some c ∈ C and k ≥ 1.

We now note an important fact.

Remark 5.3.7. Let c ∈ C and k ≥ 1. The maximal bounded factors of σk (c) have one of
the following forms:

• LB
(
σk (c)

)
,

• u where (a,u,b) is a 1-block of σk (c),
• RB

(
σk (c)

)
.

Note that a 1-block of σ can be a 1-block of several σk (c), but we need to consider a
special case.

Definition 5.3.8. A 1-block of σ(c) for some c ∈ C is called an origin of σ. In particular,
σ has a finite number of origins.

We now show that every 1-block of σ can be recovered from an origin of σ.

Definition 5.3.9. Let u = (a,u,b) be a 1-block of σk (c) for some c ∈ C and k ≥ 1. As
aub ⊏σk (c), we have σ(a) σ(u) σ(b) ⊏σk+1(c), and in particular

v= ( RC (σ(a)) , RB (σ(a)) σ(u) LB (σ(b)) , LC (σ(b)) )

is a 1-block of σk+1(c). We call v the descendant of u and we write v=D(u). For ℓ≥ 0,
we also write Dℓ the ℓ-th iteration of D, in particular D0(u) = u.

Lemma 5.3.10. Let c ∈ C. For all k ≥ 1 and all 1-block u of σk (c), there exist an origin v
of σ and 0 ≤ ℓ< k such that u=Dℓ(v).

Proof. Let us prove it by induction on k. If k = 1, u is itself an origin ofσ and u=D0(u).
Let k ≥ 1 be such that, for every c ∈ C and every 1-block u of σk (c), there exist an origin
v of σ and 0 ≤ ℓ< k such that u=Dℓ(v). Let c ∈ C and let u= (a,u,b) be a 1-block of
σk+1(c). When desubstituting once, the growing letters a and b come from growing
letters in σk (c), and we have two possibilities:

• Either a and b come from the same growing letter a′ ⊏σk (c), which means that
aub ⊏σ(a′)⊏σk+1(c). This is illustrated by Figure 5.1:
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... a u b ...

... a′ ...

σk+1(c)

σk (c)

Figure 5.1.: a and b come from the same growing letter.

Then aub ⊏σ(a′) means that u is itself an origin.
• Or a and b come from two different growing letters a′,b′ ⊏σk (c), which means

that there exists u′ ∈A∗ such that a′u′b′ ⊏σk (c) and aub ⊏σk+1(c). This is illustrated
by Figure 5.2:

... a u b ...

... a′ u′ b′ ...

σk+1(c)

σk (c)

Figure 5.2.: a and b come from two different growing letters.

As σ(u′) ⊏ u ∈ B∗, we have u′ ∈ B∗. In particular, u′ = (a′,u′,b′) is a 1-block of
σk (c) so, by hypothesis, there exists an origin v and 0 ≤ ℓ < k such that u′ =Dℓ(v).
We have a = RC (σ(a′)) and b = LC (σ(b′)) so u = RB(σ(a′)) σ(u′) LB(σ(b′)), therefore
u=D(u′) =Dℓ+1(v).

This leads to the following definition.

Definition 5.3.11. An evolution of 1-blocks of σ is a sequence E = (Eℓ)ℓ≥0 where E0 is
an origin ofσ and, for all ℓ≥ 1, Eℓ =Dℓ(E0). In particular, each evolution is determined
by its origin, σ has a finite number of evolutions of 1-blocks and Lemma 5.3.10 means
that every 1-block of σ belongs to an evolution.

5.3.1.2. Decomposition of 1-blocks

In order to study the structure of 1-blocks, let us start with a useful lemma.

Lemma 5.3.12. Let u be a word containing a growing letter. Then

LB (σ(u)) = σ(LB(u)) LB (σ(LC (u))) ,

RB (σ(u)) = RB (σ(RC (u))) σ(RB(u)).

Proof. We have LB (σ(u)) = LB (σ(LB(u)) σ(LC (u))...) =σ(LB(u)) LB (σ(LC (u))). The
right case is symmetric.

We deduce a decomposition of 1-blocks.
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Lemma 5.3.13. Let E be an evolution of 1-blocks of σ and set E0 = (a,u,b). For all
ℓ≥ 0, we have

Eℓ =
(
RC (σℓ(a)) , RB(σℓ(a)) σℓ(u) LB(σℓ(b)) , LC (σl (b))

)
.

Proof. Let us prove it by induction on ℓ. If ℓ= 0, this is directly true. Let ℓ≥ 0 such
that Eℓ = (

RC (σℓ(a)) , RB(σℓ(a)) σℓ(u) LB(σℓ(b)) , LC (σℓ(b))
)
. If Eℓ+1 = (a′,u′,b′),

we have Eℓ+1 =D(Eℓ) so a′ = RC (σ(RC (σℓ(a)))) = RC (σℓ+1(a)),

u′ = RB(σ(RC (σℓ(a)))) σ(RB(σℓ(a))) σℓ+1(u) σ(LB(σℓ(b))) LB(σ(LC (σℓ(b))))

= RB(σℓ+1(a)) σℓ+1(u) LB(σℓ+1(b)) with Lemma 5.3.12,

and b′ = LC (σ(LC (σℓ(b)))) = LC (σℓ+1(b)).

This lemma allows us to refine Remark 5.3.7:

Remark 5.3.14. Let c ∈ C and k ≥ 1. The maximal bounded factors of σk (c) have one of
the following forms:

(i) LB
(
σk (c)

)
,

(ii) RB
(
σℓ(a)

)
σℓ(u) LB

(
σℓ(b)

)
where 0 ≤ ℓ< k and (a,u,b) is an origin of σ,

(iii) RB
(
σk (c)

)
.

Now let us decompose the words LB
(
σk (c)

)
and RB

(
σk (c)

)
for c ∈ C and k ≥ 0.

5.3.1.3. Decomposition of LB
(
σk (c)

)
Decomposing the words LB

(
σk (c)

)
is strongly related to the prefix automaton of the

substitution, but we take here a different approach. To begin with, we will heavily use
the following notation: if (ui )0≤i≤n−1 ∈ (A∗)n , we write the concatenation from left to
right as

n−1⊔
i=0

ui := u0u1...un−2un−1 with the convention that
−1⊔
i=0

ui := ε. (1)

The following lemma decomposes of LB
(
σk (c)

)
into k parts,

Lemma 5.3.15. Let c ∈ C. Then, for all k ≥ 1,

LB
(
σk (c)

)
=

k−1⊔
j=0

σk−1− j
(
LB(σ(LC (σ j (c))))

)
.

Proof. Let us prove it by induction on k. If k = 1, this is directly true. Now let k ≥ 1 be

such that LB
(
σk (c)

)= k−1⊔
j=0

σk−1− j
(
LB(σ(LC (σ j (c))))

)
. Then
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LB
(
σk+1(c)

)
= σ

(
LB(σk (c))

)
LB

(
σ(LC (σk (c)))

)
with Lemma 5.3.12

=
k−1⊔
j=0

σk− j
(
LB(σ(LC (σ j (c))))

)
. LB

(
σ(LC (σk (c)))

)
=

k⊔
j=0

σk− j
(
LB(σ(LC (σ j (c))))

)
.

Now we are going to describe the periodic structure of this decomposition. First, let
us introduce the directed graph GL , which corresponds to the directed graph U LG in
[KS15, Section 3.3].

Definition 5.3.16. In order to represent how σ acts on the leftmost letter of σk (c) for
c ∈ C, we define the directed graph GL := (VL ,EL) by

• VL = C,
• EL := {(c,LC (σ(c))) | c ∈ C}.

If (a,b) ∈ EL , we write a
L−→ b. Note that every vertex of GL has out degree 1.

Definition 5.3.17. We say that a collection C = (ci )0≤i≤p−1 ∈ Cp is a p-cycle of GL

if the ci are all distinct and, for all i ∈ J0, p −1K, ci
L−→ ci+1[p] where i +1[p] denotes

i +1 mod p. If c ∈ C belongs to a p-cycle of GL , we say that c is left-p-periodic.

Example 5.3.18. Following Example 5.1.26, the graph GL is the following:

0 1 2 3

L

L

L L

The letters 0 and 1 are left-2-periodic, and the letters 2 and 3 are left-1-periodic.

Definition 5.3.19. If C = (ci )0≤i≤p−1 is a p-cycle of GL, for all i ∈ J0, p −1K, we define
the word

L(ci ) :=
p−1⊔
j=0

σp−1− j (
LB(σ(ci+ j [p]))

)
.

Remark 5.3.20. Let C be a p-cycle of GL . For all c ∈C , Lemma 5.3.15 directly provides
L(c) = LB (σp (c)). As p is the first integer such that LC (σp (c)) = c, this means that L(c)
is the smallest bounded word generated to the left of c: there exists v ∈A∗ such that
σp (c) = L(c) cv. In particular, c ∈ Cl i so if and only if L(c) ̸= ε.

Also, by construction, L(c) ̸= ε if and only if there exists c ′ ∈C such that LB(σ(c ′)) ̸= ε.
This means that, in a cycle of GL, either every letter is left-isolated or no letter is left-
isolated.
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Definition 5.3.21. Let C = {ci }0≤i≤p−1 be a p-cycle of GL . For all i ∈ J0, p−1K, L(ci ) ∈B∗

so the sequence
(
σp j (L(ci ))

)
j≥0 is eventually periodic. Set qC ≥ 0 and pC ≥ 1 the first

integers such that, for all i ∈ J0, p −1K, σp(qC+pC ) (L(ci )) = σpqC (L(ci )). We then define
the part before the left period

LQ(c) :=
qC−1⊔

j=0
σp(qC−1− j )(L(c)),

and the left period

LP (c) :=
pC−1⊔

j=0
σp(qC+pC−1− j )(L(c)). (2)

In particular, c ∈ Cl i so if and only if LP (c) ̸= ε.

Example 5.3.22. Following Example 5.3.18, we compute LP of the left-periodic letters.
• In the 2-cycle of GL {0,1}, σ (LB(σ(0))) =σ (LB(σ(1))) = ε so, by Remark 5.3.20, we

have L(0) = L(1) = ε. This means that 0 and 1 are not left-isolated, and LP (0) = LP (1) = ε.
• In the 1-cycle of GL {2}, σ (LB(σ(2))) = ε so, similarly, 2 ∉ Cl i so and LP (2) = ε.
• In the 1-cycle of GL C = {3}, σ (LB(σ(3))) = 54. We have L(3) =σ (LB(σ(3))) = 54,

and qC = 1 and pC = 2 because σ1+2(54) = 65 = σ1(54). Then we have 3 ∈ Cl i so and
LP (3) =σ2(54) σ(54) = 5665.

We must also take into account the fact that not every growing letter is left-periodic.

Definition 5.3.23. If c ∈ C, we write rc ≥ 0 the first integer such that LC (σrc (c)) is a
left-periodic letter. Note that rc = 0 if c is itself left-periodic.

Let C = {ci }0≤i≤p−1 be the p-cycle of GL such that c0 = LC (σrc (c)). For k ≥ rc +pqC ,
we can uniquely write k = rc + i +p(qC +ℓpC +ℓ′) with i ∈ J0, pJ, ℓ≥ 0 andℓ′ ∈ J0, pC J.
We then define the word

LEk (c) :=
rc+i+pℓ′−1⊔

j=0
σk−1− j

(
LB(σ(LC (σ j (c))))

)
.

Note that the words LEk (c) have bounded length because rc + i +pℓ′−1 is bounded and
LB(σ(LC (σ j (c)))) ∈B∗ so the words σk−1− j

(
LB(σ(LC (σ j (c))))

)
have bounded length.

We defined the words LE , LP and LQ in order to obtain the desired decomposition.

Proposition 5.3.24. Let c ∈ C and let C = {ci }0≤i≤p−1 be the p-cycle of GL such that
c0 = LC (σrc (c)). For all k = rc + i +p(qC +ℓpC +ℓ′) ≥ rc +pqC , we have

LB
(
σk (c)

)
= LEk (c) LP (ci )ℓ LQ(ci ).

Proof. We first observe that, for all j ≥ 0, LC
(
σrc+ j (c)

)= c j [p]. Then, with Lemma 5.3.15,
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we have

LB
(
σk (c)

)
=

rc+i+pℓ′−1⊔
j=0

σk−1− j
(
LB(σ(LC (σ j (c))))

)
.

k−1⊔
j=rc+i+pℓ′

σk−1− j
(
LB(σ(LC (σ j (c))))

)
= LEk (c)

p(qC+ℓpC )−1⊔
j=0

σp(qC+ℓpC )−1− j
(
LB(σ(LC (σ j+rc+i+pℓ′(c))))

)
= LEk (c)

p(qC+ℓpC )−1⊔
j=0

σp(qC+ℓpC )−1− j (
LB(σ(c j+i [p]))

)
= LEk (c)

qC+ℓpC−1⊔
j=0

p−1⊔
j ′=0

σp(qC+ℓpC )−1−p j− j ′ (LB(σ(c j ′+i [p]))
)

= LEk (c)
qC+ℓpC−1⊔

j=0
σp(qC+ℓpC−1− j )

(
p−1⊔
j ′=0

σp−1− j ′ (LB(σ(c j ′+i [p]))
))

= LEk (c)
qC+ℓpC−1⊔

j=0
σp(qC+ℓpC−1− j ) (L(ci ))

= LEk (c)
ℓpC−1⊔

j=0
σp(qC+ℓpC−1− j ) (L(ci )) .

qC+ℓpC−1⊔
j=ℓpC

σp(qC+ℓpC−1− j ) (L(ci ))

= LEk (c)
ℓ−1⊔
j=0

pC−1⊔
j ′=0

σp(qC+ℓpC−1−pC j− j ′) (L(ci )) .
qC⊔
j=0

σp(qC−1− j ) (L(ci ))

= LEk (c)
ℓ−1⊔
j=0

pC−1⊔
j ′=0

σp(qC+pC−1− j ′) (L(ci )) . LQ(ci )

= LEk (c)
ℓ−1⊔
j=0

LP (ci ) . LQ(ci )

= LEk (c) LP (ci )ℓ LQ(ci ).

Corollary 5.3.25. Letσ :A→A+ be a substitution. There exists a finite set QL ⊆B∗×B∗

for which, for every c ∈ C and every k ≥ 0, there exist a left-periodic letter a ∈ C, ℓ≥ 0
and (u1,u2) ∈QL such that

LB
(
σk (c)

)
= u1 LP (a)ℓ u2.

Proof. Let c ∈ C and let C = {ci }0≤i≤p−1 be the p-cycle of GL such that c0 = LC (σrc (c)).
If k ≥ rc +pqC , with Proposition 5.3.24 we can write LB

(
σk (c)

)= u1 LP (ci )ℓ u2 where
u1 = LEk (c) and u2 = LQ(ci ) for some ℓ and some i , and in that case there is a finite
number of such u1 and u2. If k < rc +pqC , we can write LB

(
σk (c)

)= u2 and there is a
finite number of such u2.

67



5. Minimal components of substitution subshifts – 5.3. Wild minimal components

5.3.1.4. Decomposition of RB
(
σk (c)

)
This is the exact symmetric of the decomposition of LB

(
σk (c)

)
, so we only give the

key definitions and results.

Definition 5.3.26. In order to represent how σ acts on the rightmost letter of σk (c) for
c ∈ C, we define the directed graph GR := (VR ,ER ) by

• VR = C,
• ER := {(c,RC (σ(c))) | c ∈ C}.

We have the same notions of p-cycle of GR and right-p-periodic letters.

Example 5.3.27. Following Example 5.1.26, the graph GR is the following:

0 1 2 3

R

R

R R

The letters 0 and 1 are right-2-periodic, and the letters 2 and 3 are right-1-periodic.

Definition 5.3.28. If C = (ci )0≤i≤p−1 is a p-cycle of GR , for all i ∈ J0, p −1K, we define
the word

R(ci ) :=
p−1⊔
j=0

σ j (
RB(σ(ci+p−1− j [p]))

)
.

Definition 5.3.29. Let C = {ci }0≤i≤p−1 be a p-cycle of GR . For all i ∈ J0, p−1K, R(ci ) ∈B∗

so the sequence
(
σp j (R(ci ))

)
j≥0 is eventually periodic. Set qC ≥ 0 and pC ≥ 1 the first

integers such that, for all i ∈ J0, p −1K, σp(qC+pC ) (R(ci )) =σpqC (R(ci )). We then define
the part before the right period

RQ(c) :=
qC−1⊔

j=0
σp j (R(c)),

and the right period

RP (c) :=
pC−1⊔

j=0
σp(qC+ j )(R(c)). (3)

In particular, c ∈ Cr i so if and only if RP (c) ̸= ε.

Example 5.3.30. Following Example 5.3.27, we compute RP of the right-periodic letters.
• Similarly to the left side, RP (0) = RP (1) = RP (2) = ε.
• In the 1-cycle of GR C = {3}, σ(RB(σ(3))) = 5. We have R(3) = σ(LB(σ(3))) = 5,

qC = 0 and pC = 2. Then 3 ∈ Cr i so and RP (3) = 5 σ(5) = 56.

We must also take into account the fact that not every growing letter is right-periodic.
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Definition 5.3.31. If c ∈ C, we write rc ≥ 0 the first integer such that RC (σrc (c)) is a
right-periodic letter. Note that rc = 0 if c is itself right-periodic.

Let C = {ci }0≤i≤p−1 be the p-cycle of GR such that c0 = RC (σrc (c)). For k ≥ rc +pqC ,
we can uniquely write k = rc + i +p(qC +ℓpC +ℓ′) with i ∈ J0, pJ, ℓ≥ 0 andℓ′ ∈ J0, pC J.
We then define the word

REk (c) :=
k−1⊔

j=qC+ℓpC

σ j
(
RB(σ(RC (σk−1− j (c))))

)
.

Similarly to LEk (c), the words REk (c) have bounded length.

We finally obtain the desired decomposition.

Proposition 5.3.32. Let c ∈ C and let C = {ci }0≤i≤p−1 be the p-cycle of GR such that
c0 = RC (σrc (c)). For all k = rc + i +p(qC +ℓpC +ℓ′) ≥ rc +pqC , we have

RB
(
σk (c)

)
= RQ(ci ) RP (ci )ℓ REk (c).

Corollary 5.3.33. Letσ :A→A+ be a substitution. There exists a finite set QR ⊆B∗×B∗

for which, for every c ∈ C and every k ≥ 0, there exist a right-periodic letter a ∈ C, ℓ≥ 0
and (u1,u2) ∈QR such that

RB
(
σk (c)

)
= u1 RP (a)ℓ u2.

5.3.1.5. Decomposition of maximal bounded factors

To recapitulate, Remark 5.3.14 states that every maximal bounded factor of σ can be
decomposed with some LB

(
σk (c)

)
for c ∈ C and k ≥ 1, some σk (u) where u is part of

an origin of σ and k ≥ 1, and some RB
(
σk (c)

)
for c ∈ C and k ≥ 1. The words σk (u) are

easy to understand, and with Corollaries 5.3.25 and 5.3.33 we decomposed LB
(
σk (c)

)
and RB

(
σk (c)

)
for all c ∈ C. We now deduce a precise decomposition of the maximal

bounded factors.

Proposition 5.3.34. Let σ : A → A+ be a substitution. There exists a finite subset
Q ⊆B∗×B∗×B∗ such that every maximal bounded factor of σ has the form

u1 RP (a)p u2 LP (b)q u3

where (u1,u2,u3) ∈Q, a ∈ C is right-periodic, b ∈ C is left-periodic and p, q ≥ 0.

Proof. If u is a maximal bounded factor of σk (c) for c ∈ C and k ≥ 1, Remark 5.3.14
gives three cases to consider:

(i) u = LB
(
σk (c)

)
. By Corollary 5.3.25, there exists (u2,u3) ∈QL, b ∈ C left-periodic

and q ≥ 0 such that u = u2 LP (b)q u3, and there is a finite number of such u2 and u3.
(ii) u = RB

(
σℓ(a)

)
σℓ(v) LB

(
σℓ(b)

)
where 0 ≤ ℓ < k and (a, v,b) is an origin of σ.

By Corollary 5.3.33, there exists (u1, v1) ∈ QR , a ∈ C right-periodic and p ≥ 0 such
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that RB
(
σℓ(a)

) = u1 RP (a)p v1. By Corollary 5.3.25, there exists (v2,u3) ∈ QL, b ∈ C
left-periodic and q ≥ 0 such that LB

(
σℓ(b)

)= v2 LP (b)q u3. By setting u2 = v1σ
ℓ(v)v2,

we can write u = u1 RP (a)p u2 LP (b)q u3, and there is a finite number of such u1, u2

and u3 because v ∈B∗.
(iii) u = RB

(
σk (c)

)
. Similarly to the first case, we can write u = u1 RP (a)p u2 with

a ∈ C right-periodic, and there is a finite number of such u1 and u2.

Remark 5.3.35. This proposition decomposes the maximal bounded factor of σ, which
will naturally provide a decomposition of every factor of L (σ)∩B∗. It makes two
improvements from Proposition 5.3.1:

(i) It explicitly defines the words that occur periodically in the decomposition.
(ii) It holds not only when σ is wild, but in the general case. As a consequence, one

can recover Proposition 3.3.3: if σ has property P2, then one LP (c) (resp. RP (c)) is
non-empty so, by Proposition 5.3.24 (resp. Proposition 5.3.32), the words of L (σ)∩B∗

have unbounded length, i.e., σ has property P1; conversely, if σ does not have property
P2, then every LP (c) and RP (c) is empty so Proposition 5.3.34 ensures that the maximal
bounded factors have bounded length and that σ does not have property P1.

5.3.2. Proof of Theorem 5.1.24 (ii)
We first show that the repetitions arising in Propositions 5.3.24 and 5.3.32 provide the
wild minimal components exhibited in Remark 5.1.19.

Proposition 5.3.36. Let c ∈ Cl i so (resp. c ∈ Cr i so). Then the subshift X (ωLP (c)ω) (resp.
X (ωRP (c)ω)) is a wild minimal component of Xσ.

Proof. Let c ∈ Cl i so be a left-p-periodic letter. We have rc = 0 so Proposition 5.3.24
states that LP (c)ℓ ⊏ LB

(
σp(qC+ℓpC )(c)

)
for all ℓ ≥ 0. Therefore X (ωLP (c)ω) ⊆ Xσ.

Symmetrically, if c ∈ Cr i so we obtain X (ωRP (c)ω) ⊆ Xσ.

The converse relies on Corollaries 5.3.25 and 5.3.33, this is a more precise version of
Corollary 5.1.22.

Proposition 5.3.37. Let X be a wild minimal component of Xσ. Then X satisfies at
least one of the following properties:

• There exists c ∈ Cl i so such that X = X (ωLP (c)ω).
• There exists c ∈ Cr i so such that X = X (ωRP (c)ω).

Proof. Let x ∈ X . Suppose that, for every c ∈ Cl i so (resp. c ∈ Cr i so), there exists kc ≥ 1
such that LP (c)kc ̸⊏ x (resp. RP (c)kc ̸⊏ x). Set K to be the maximum of all kc for
c ∈ Cl i so and c ∈ Cr i so , and set ℓP := max

c left-periodic

∣∣LP (c)K+2
∣∣+ max

c right-periodic

∣∣RP (c)K+2
∣∣.

Also set ℓQ := max
(u1,u2,u3)∈Q

|u1|+|u2|+|u3|where Q is the finite set from Proposition 5.3.34.

Now, for any u ⊏ x, we have u ∈L (Xσ)∩B∗ so there exists a maximal bounded factor
v of σ such that u ⊏ v , and, by Proposition 5.3.34, there exist (v1, v2, v3) ∈ Q, a ∈ C
right-periodic, b ∈ C left-periodic and p, q ≥ 0 such that v = v1 RP (a)p v2 LP (b)q v3.
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We can then write u = u1u2u3u4u5 where u1 ⊏ v1, u2 ⊏RP (a)p , u3 ⊏ v2, u4 ⊏ LP (b)q

and u5 ⊏ v3. We have |u1|+|u3|+|u5| ≤ |v1|+|v2|+|v3| ≤ ℓQ . If a ∈ Cr i so , by definition of
K we have RP (a)K ̸⊏ u2 so |u2| <

∣∣RP (a)K+2
∣∣, otherwise |v2| = 0. Similarly, if b ∈ Cl i so ,

we have |v4| <
∣∣LP (b)K+2

∣∣, otherwise |v4| = 0. In any case, we have |u2|+ |u4| ≤ ℓP , so
|u| ≤ ℓQ +ℓP . We just proved that every factor of x has bounded length, which is a
contradiction.

Therefore, either there exists c ∈ Cl i so such that for all k ≥ 1, LP (c)k ⊏ x, or there
exists c ∈ Cr i so such that for all k ≥ 1, RP (c)k ⊏ x. This means that X (ωLP (c)ω) ⊆ X or
X (ωRP (c)ω) ⊆ X , and as X is minimal we get the equality.

Propositions 5.3.36 and 5.3.37 complete the proof of Theorem 5.1.24 (ii).

Example 5.3.38. Following Examples 5.3.22 and 5.3.30, the wild minimal components
of Xσ are X (ω(5665)ω) and X (ω(56)ω).

5.4. Dynamics of minimal components
We explained in Section 5.2.1.3 that a substitution σ induces a permutation σ̃ on its
subshifts. In fact, one can prove that σ̃ preserves the minimal components, but we
will go further by describing how σ̃ acts respectively on the tame and wild minimal
components.

5.4.1. Dynamics of tame minimal components
Proposition 5.4.1. Let D ⊆ Cni so be a minimal alphabet of period k and let E be such

that D → E . Then E ⊆ Cni so is a minimal alphabet of period k and σ̃
(

Xσk |D∪B

)
=

Xσk |E∪B .

Proof. By Lemma 5.2.6, E is a minimal alphabet of period k. In particular, we have
E −−→

k−1
D. If e ∈ E is a left-periodic letter, let C be the cycle of GL such that e ∈ C

and let d ∈C be such that e
L−−→

k−1
d . We have d = LC (σk−1(e)) ⊏σk−1(e) so d ∈D. In

particular, d ∉ Cl i so so, by Remark 5.3.20, e ∉ Cl i so . We just proved that E ∩Cl i so =;,
and symmetrically we get E ∩Cr i so =;, therefore E ⊆ Cni so .

Let x ∈ σ̃
(

Xσk |D∪B

)
. For all u ∈L (x), it follows from the definitions that there exist

d ∈D and ℓ ≥ 1 such that u ⊏ σkl+1(d). We also have E −−→
k−1

D so there exists e ∈ E

such that d ⊏σk−1(e). We get u ⊏σk(ℓ+1)(e) so u ∈L
(

Xσk |E∪B

)
. We just proved that

L (x) ⊆ L
(
σk |E∪B

)
for all x ∈ σ̃

(
Xσk |D∪B

)
, which means that σ̃

(
Xσk |D∪B

)
⊆ Xσk |E∪B .

Finally, by Proposition 5.2.18, Xσk |E∪B is minimal so we have the equality.

This allows us to define the following graph.
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Definition 5.4.2. We define the directed graph Gt = (Vt ,Et ) by
• Vt the set of tame minimal components of Xσ,
• Et := {(X ,Y ) | X ,Y ∈Vt , σ̃(X ) = Y }.

Then Proposition 5.4.1 means that Gt is in correspondence with the subgraph of
G restricted to the minimal alphabets included in Cni so . In particular, σ̃ induces a
permutation on the tame minimal components.

Example 5.4.3. Following Examples 5.2.2 and 5.2.20, the graph Gt is the following:

Xσ2|{0,5}
Xσ2|{1,4,6} Xσ|{2,4,5,6}

σ̃

σ̃

σ̃

5.4.2. Dynamics of wild minimal components

Proposition 5.4.4. Let a,b ∈ Cl i so be such that a
L−→ b. Then σ̃ (X (ωLP (a)ω)) = X (ωLP (b)ω).

Proof. Let C = {ci }0≤i≤p−1 be the p-cycle of GL such that a = c0 and b = c1[p].
On the first hand, for all ℓ≥ 0, Proposition 5.3.24 provides

LB
(
σp(qC+ℓpC )+1(c0)

)
= LEp(qC+ℓpC )+1(c0) LP (c1[p])

ℓ LQ(c1[p]).

On the other hand, for all ℓ≥ 0, we have

LB
(
σp(qC+ℓpC )+1(c0)

)
= LB

(
σ(σp(qC+ℓpC )(c0))

)
= σ

(
LB(σp(qC+ℓpC )(c0))

)
LB

(
σ(LC (σp(qC+ℓpC )(c0)))

)
by Lemma 5.3.12

= σ (LP (c0))ℓ σ (LQ(c0)) LB (σ(c0)) by Proposition 5.3.24.

Both expressions are equal, and only LP (b)ℓ on the one side and σ (LP (a))ℓ on the
other side have unbounded length, which means that there exists n ∈ Z such that
T n (σ(ωLP (a)ω)) = ωLP (b)ω.

With the same arguments, we have the symmetric result.

Proposition 5.4.5. Let a,b ∈ Cr i so such that a
R−→ b. Then σ̃ (X (ωRP (a)ω)) = X (ωRP (b)ω).

Remark 5.4.6. In fact, a more precise fact holds: if a
L−→ b (resp. a

R−→ b), then LP (b)
(resp. RP (b)) is a cyclic shift of LP (a) (resp. RP (a)).

This allows us to define the following graph.

Definition 5.4.7. We define the directed graph Gw := (Vw ,Ew ) by
• Vw the set of wild minimal components of Xσ,
• Ew := {(X ,Y ) | X ,Y ∈Vw , σ̃(X ) = Y }.
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Then Propositions 5.4.4 and 5.4.5 mean that Gw is determined by GL and GR . In
particular, σ̃ induces a permutation on the wild minimal components.

Example 5.4.8. Following Examples 5.3.18, 5.3.27 and 5.3.38, the graph Gw is the
following:

X (ω(5665)ω) X (ω(56)ω)σ̃ σ̃

5.5. Counting minimal components

5.5.1. Computing bounded letters
We take inspiration in [Dev18, Lemmas 3.1 and 3.2] to define the set of periodic letters
P ⊆ B which is essential to characterize B.

Definition 5.5.1. If a ∈B occurs in σn(a) for some n ≥ 1 and we say that a is periodic,
otherwise we say that a is pre-periodic. We write P the set of periodic letters and P ′ the
set of pre-periodic letters, such that B =P ∪P ′.

Lemma 5.5.2. Let a ∈A. Then the following holds.
(i) a ∈P if and only if there exists n ≥ 1 such that σn(a) = a.
(ii) If a ∈P , then, for all m ≥ 1, σm(a) ∈P .
(iii) a ∈B if and only if σ|A|(a) ∈P+.

Proof. (i) If a ∈P , there exist n ≥ 1 and u, v ∈A∗ such thatσn(a) = uav . If (u, v) ̸= (ε,ε),
then, iterating the substitution σn on a would yield a ∈ C, therefore σn(a) = a.

If there exists n ≥ 1 such that σn(a) = a, then, for all m ≥ 1, σmn(a) = a so we get
1 = |σmn(a)| ≥ |σm(a)| ≥ 1 and |σm(a)| = 1. This means that a ∈ B, and it occurs in
σn(a) so a ∈P .

(ii) If a ∈P , we already proved that, for all m ≥ 1, |σm(a)| = 1. (i) provides n ≥ 1 such
that σn(a) = a, so σn(σm(a)) =σm(σn(a)) =σm(a)) and, by (i), σm(a) ∈P .

(iii) If a ∈ B, suppose that σn(a) ∉ P+ for some n ≥ 0. In particular, there exists a
letter an ∈P ′ such that an ⊏σn(a). If n ≥ 1, this provides an−1 ∈A such that an−1 ⊏
σn−1(a) and an ⊏σ (an−1), and, by (ii), an−1 ∈P ′. By iterating this construction, we
obtain a finite sequence of pre-periodic letters (ai )0≤i≤n such that ai+1 ⊏σ(ai ). Now,
if σ|A|(a) ∉ P+, we obtain the family of pre-periodic letters (ai )0≤i≤|A| and there exists
i < j such that ai = a j . However, we have ai ⊏σ j−i (ai ) so ai ∉P ′, contradiction.

If σ|A|(a) ∈P+, in particular σ|A|(a) ∈B+ so a ∈B.

We now have a method to compute B, as stated in Proposition 5.1.28.
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Proof of Proposition 5.1.28. We first compute the alphabet P : for a ∈A, we compute
the σn(a) and either we reach n such that |σn(a)| ≥ 2, and by Lemma 5.5.2 (ii) a ∉P ,
or we reach n for which there exists m < n such that σn(a) =σm(a) ∈A, and if m = 0
then, by Lemma 5.5.2 (ii), a ∈P , or if m > 0 then a ∉P .

We can now compute B: for a ∈A, we compute σ|A|(a) and we check if it belongs to
P+ to use Lemma 5.5.2 (iii). The remaining letters are in C.

5.5.2. Computing minimal components
Essentially, computing the minimal components is the same as counting them. We
recall that MC (σ) denotes the number of minimal components of Xσ, and we also
define T MC (σ) the number of tame minimal components and W MC (σ) the number
of wild minimal components.

Proposition 5.5.3. Let σ :A→A+ be a substitution. Then T MC (σ) is computable.

Proof. Once Proposition 5.1.28 provides C, we can compute G , the minimal alphabets
and their period. By checking if the minimal alphabets contain a left or right-isolated
letter, we obtain T MC (σ).

Proposition 5.5.4. Let σ :A→A+ be a substitution. Then W MC (σ) is computable.

Proof. Once Proposition 5.1.28 provides B, we can compute GL , GR , LP (c) and RP (c)
for every left or right-periodic letter. In order to differenciate the X (ωLP (c)ω) and
X (ωRP (c)ω), we compute the primitive root of the words LP (c) and RP (c) and we
check if one is a cyclic shift of another to remove duplicates.

Propositions 5.5.3 and 5.5.4 complete the proof of Corollary 5.1.29. For details about
the implementation of these algorithms, the reader can take a look at the attached
Python code.

5.5.3. Upper bounds for minimal components
Let us first bound T MC (σ) and W MC (σ) separately.

Lemma 5.5.5. Let σ :A→A+ be a substitution. Then
(i) T MC (σ) ≤ |Cni so |,
(ii) W MC (σ) ≤ |Cl i so |+ |Cr i so |.

Proof. (i) Set n to be the number of minimal alphabets included in Cni so . Then Theo-
rem 5.1.24 states that T MC (σ) = n and with Proposition 5.2.10 yields n ≤ |Cni so |.

(ii) W MC (σ) ≤ |Cl i so |+ |Cr i so | comes directly from Theorem 5.1.24 (ii).

We can then bound MC (σ) using the size of the alphabet, as stated in Corol-
lary 5.1.30.
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Proof of Corollary 5.1.30. By Lemma 5.5.5, we have

MC (σ) = T MC (σ)+W MC (σ) ≤ |Cni so |+ |Cl i so |+ |Cr i so |.

(i) If B =;, then Cni so = C =A and Cl i so = Cr i so =; so MC (σ) ≤ |Cni so | = |C| = |A|.
(ii) If B = {b}, then {ωbω} is the only possible wild minimal component and we have

W MC (σ) ≤ 1. If Cl i so = Cr i so =;, then MC (σ) ≤ |Cni so | ≤ |C | = |A|−1. If Cl i so ̸= ; or
Cr i so ̸= ;, then we have MC (σ) ≤ |Cni so |+1 ≤ |C| = |A|−1.

(iii) If |B| ≥ 2, then we have |Cl i so | ≤ |C| − |Cni so | and |Cr i so | ≤ |C| − |Cni so |, which
yields MC (σ) ≤ 2|C|− |Cni so | ≤ 2|C| ≤ 2|A|−4.

The following examples show that these bounds are optimal.

(i) The bound MC (σ) = |C| = |A| can only be reached when every singleton in G
is a minimal alphabet.

Example 5.5.6. Let k ≥ 1, A= {a1, ..., ak } and σ : ai 7→ ai ai for all i ∈ J1,kK. We have
B =;, the minimal alphabets are the 1-periodic alphabets {ai } and they generate the
tame minimal components {ωaωi }, therefore MC (σ) = |A|.

(ii) The bound MC (σ) = |C| = |A|−1 can be reached in two ways:
• T MC (σ) = |A|−1 and W MC (σ) = 0

Example 5.5.7. Let k ≥ 2, A = {b, a1, ..., ak−1}, σ : b 7→ b, a1 7→ ai bai . The minimal
alphabets included in Cni so are the {ai } for i ∈ J1,k −1K and they generate the tame
minimal components Xσ|{ai ,b} . In particular, for all n ≥ 0, σn(ai ) = (ai b)2n−1ai so
Xσ|{ai ,b} = {ω(ai b)ω}. Therefore, T MC (σ) = k−1 = |A|−1. Also,σ is tame so W MC (σ) = 0.

• T MC (σ) = |A|−2 and W MC (σ) = 1

Example 5.5.8. Let k ≥ 2, A = {b, a1, ..., ak−1} and σ : ai 7→ ai ai for all i ∈ J1,k −2K,
ak−1 7→ ak−1b,b 7→ b. We have B = {b} and ak−1 ∈ Cr i so so the minimal alphabets
included in Cni so are the 1-periodic alphabets {ai } for i ∈ J1,k −2K and they generate
the tame minimal components Xσ|{ai } = {ωaωi } for i ∈ J1,k −2K. Moreover, {ωbω} is the
unique wild component, therefore MC (σ) = |A|−1.

(iii) The bound MC (σ) = 2|C| = 2|A|−4 can only be reached when Cl i so = Cr i so = C,
|B| = 2 and all X (ωLP (c)ω) and X (ωRP (c)ω) are distinct.

Example 5.5.9. Let k ≥ 3,A= {a,b,c1, ...,ck−2} andσ : a 7→ a,b 7→ b,ci 7→ a2i−2bci a2i−1b.
We have B = {a,b}, and every ci is growing, left-isolated with period 1 and right-isolated
with period 1. It immediatly implies that Xσ has no tame minimal components.
Also, for all i ∈ Jk − 2K, LP (ci ) = L(ci ) = a2i−2b and RP (ci ) = R(ci ) = a2i−1b so the
wild minimal components of Xσ are the X (ω(ai b)ω) for all 0 ≤ i ≤ 2k −5. Therefore
MC (σ) = 2k −4 = 2|C| = 2|A|−4.

Remark 5.5.10. We can modify Example 5.5.9 step by step by making two wild minimal
components equal, which decreases the number of minimal components by 1 (for
example, if we change the image of c1 to be bc1b, then MC (σ) = 2k −5). That way,
MC (σ) reaches every number between 1 and 2|A|−4.
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5.6. Minimal components on two letters
Substitutions on the binary alphabet {0,1} already generate interesting subshifts and
provide a reasonable number of cases to analyse. Note that the number of cases grows
faster than exponentially with the size of the alphabet, so let us compute and display
the minimal components of Xσ for all cases on the alphabet {0,1}. We recall that, in
order to generate a subshift, substitutions must have a growing letter so, without loss
of generality, we assume that the letter 0 is always growing. Then the first distinction
is wether 1 is growing or bounded.

5.6.1. Growing substitutions
Suppose that C = {0,1}. Then Theorem 5.1.24 tells us that Xσ only has tame mini-
mal components, and Corollary 5.1.30 (i) tells us that it has at most two. They are
characterized by the minimal alphabets, and we recall from Remark 5.2.4 that G is
uniquely determined by its generators D and D′ such that {0} →D and {1} →D′. The
following table displays the minimal components in each case, white cells mean that
Xσ is minimal, light gray cells mean that Xσ is sometimes minimal and sometimes
not, and gray cells mean that Xσ is not minimal.

D
D′

{1} {0} {0,1}

{0} {ω0ω}, {ω1ω} {ω0ω} {ω0ω}
{1} {ω1ω} {ω0ω}, {ω1ω} Xσ

{0,1} {ω1ω} Xσ Xσ

Let us detail the computations. Note that switching 0 and 1 brings the analysis down
to six cases.

5.6.1.1. D = {0}, D′ = {1}

This is one of the two cases where Xσ has two minimal components. The orbits in G
are

{0} {1}

The minimal alphabets are the 1-periodic alphabets {0} and {1} so the main sub-
substitutions ofσ areσ|{0} andσ|{1} and the minimal components of Xσ are Xσ|{0} = {ω0ω}
and Xσ|{1} = {ω1ω}.

Example 5.6.1. Consider the substitution σ : 0 7→ 00,1 7→ 11.
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5.6.1.2. D = {1}, D′ = {1}

The orbits in G are

{0} {1}

The unique minimal alphabet is the 1-periodic alphabet {1} so the unique main sub-
substitution of σ is σ|{1} and the unique minimal component of Xσ is Xσ|{1} = {ω1ω}. In
fact this case is quite trivial since σ({0,1}) ∈ {1}+, so Xσ = {ω1ω} and it is minimal.

Example 5.6.2. Consider the substitution σ : 0 7→ 1,1 7→ 11.

5.6.1.3. D = {1}, D′ = {0}

This is the second case when Xσ has two minimal components. The orbits in G are

{0} {1}

The minimal alphabets are the 2-periodic alphabets {0} and {1} so the main sub-
substitutions areσ2|{0} andσ2|{1} and the minimal components of Xσ are Xσ2|{0}

= {ω0ω}
and Xσ2|{1}

= {ω1ω}.

Example 5.6.3. Consider the substitution σ : 0 7→ 11,1 7→ 00.

5.6.1.4. D = {0,1}, D′ = {1}

The orbits in G are

{0} {0,1} {1}

The unique minimal alphabet is the 1-periodic alphabet {1} so the unique main sub-
substitution of σ is σ|{1} and the unique minimal component of Xσ is Xσ|{1} = {ω1ω}. In
this case, there are examples where Xσ is not minimal and others where it is minimal.

Example 5.6.4. Consider the substitution σ : 0 7→ 101,1 7→ 11. Then Xσ = {ω101ω} is not
minimal since {ω1ω} ̸⊆ X .

Example 5.6.5. Consider the substitution σ : 0 7→ 01,1 7→ 11. We have Xσ = {ω1ω} so it
is minimal.
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5.6.1.5. D = {0,1}, D′ = {0}

The orbits in G are

{1} {0} {0,1}

The unique minimal alphabet is the 1-periodic alphabet {0,1} so the unique main
sub-substitution is σ itself and Xσ is minimal.

Example 5.6.6. Consider the Fibonacci substitution σ : 0 7→ 01,1 7→ 0.

5.6.1.6. D = {0,1}, D′ = {0,1}

The orbits in G are

{0} {0,1} {1}

Similarly to the previous case, Xσ is minimal.

Example 5.6.7. Consider the Thue-Morse substitution σ : 0 7→ 01,1 7→ 10.

5.6.2. Non-growing substitutions
Suppose that C = {0}, B = {1}. Then σ is ℓ-primitive and the unique minimal alphabet
is {0}. Also, Corollary 5.1.30 (ii) tells us that Xσ has a unique minimal component,
which will only depend on wether σ is tame or wild.

5.6.2.1. Tame substitutions

The alphabet {0} ̸⊆ Cni so is minimal of period 1 so, by Proposition 5.2.11, σ is ℓ-
primitive. Then, by Theorem 5.1.24 (i), Xσ is minimal.

Example 5.6.8. Consider the Chacon substitution σ : 0 7→ 0010,1 7→ 1.

5.6.2.2. Wild substitutions

We necessarily have LP (0) ∈ {1}+ or RP (0) ∈ {1}+, so, by Theorem 5.1.24 (ii), the unique
minimal component of Xσ is {ω1ω}. There are examples where Xσ is not minimal and
others where it is minimal.

Example 5.6.9. In Example 5.1.20, Xσ = X (ω101ω) and its unique minimal component
is {ω1ω}, so Xσ is not minimal.

Example 5.6.10. Consider Example 5.5.8 where k = 2, that is σ : 0 7→ 01,1 7→ 1. We have
Xσ = {ω1ω} so it is minimal.
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5.7. Open questions
As mentionned in the introduction of this chapter, the number of total subshifts would
be an interesting data to evaluate how far a subshift is from being minimal. This was
already discussed by Maloney and Rust in Section 5 of [MR18], but we think that our
approach based on giving a combinatorial characterization of the subshifts could also
be useful here. As the union of subshifts is also a subshift, it is natural to consider
components that are not a disjoint union of subshifts, which we might call irreducible
components. With this definition, computing the lattice of the irreducible components
ordered by inclusion would be a way to describe the larger structure of the subshift.

The question of characterizing and counting the minimal or irreducible components
can also be asked for broader types of subshifts, like morphic or linearly recurrent
subshifts. Notably, in the morphic case, the number of minimal components might be
bigger than in the purely morphic case.
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6. More Kolakoski sequences

It’s never good to solve a problem completely, because nobody cites you.

Srečko Brlek
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This chapter introduces the framework of smooth sequences and prepares to our
contributions in Chapters 7 and 8. The topic of smooth sequences originates from the
famous Oldenburger-Kolakoski sequence

κ= 22︸︷︷︸
2

11︸︷︷︸
2

2︸︷︷︸
1

1︸︷︷︸
1

22︸︷︷︸
2

1︸︷︷︸
1

22︸︷︷︸
2

11︸︷︷︸
2

2︸︷︷︸
1

11︸︷︷︸
2

22︸︷︷︸
2

1︸︷︷︸
1

2︸︷︷︸
1

11︸︷︷︸
2

2︸︷︷︸
1

1︸︷︷︸
1

22︸︷︷︸
2

...

... = κ

defined as a fixed point of the run-length encoding. Originally introduced by Old-
enburger in [Old39] and rediscovered by Kolakoski in [Kol65], it is now registered as
sequence A000002 in the OEIS [Inc26]. Despite its simple definition, κ raises some
surprisingly difficult questions: it was quickly shown in [Old39] and in [KÜ66] that κ is
aperiodic, but almost nothing else is known about it.

Conjecture 6.0.1. The three major conjectures for κ are

1. κ is (uniformly) recurrent,

2. pκ(n) =Θ(
nlog(3)/log(3/2)

)
,

3. κ has uniform frequencies, in particular it has equal letter frequencies.

By uniform frequencies we mean that the subshift generated by κ is uniquely ergodic.
These conjectures first appeared in the seminal work of Dekking in [Dek79; Dek81],
but the third conjecture is often attributed to Keane in [Kea91].
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Facing the difficulties raised by κ, researchers started to investigate similar se-
quences in the hope of finding better answers. In Section 6.1 we introduce the gen-
eralization called smooth sequences: over an alphabet of integers {a,b}, smooth se-
quences are sequences that are stable by the run-length encoding. After defining these
sequences, we explain how they can be computed thanks to a conjugacy with the
full-shift over {a,b}. Then we focus on remarkable examples of morphic sequences
obtained as fixed points like κ, to which we can directly apply classical results about
substitutions. Finally we conjecture a key dichotomy within smooth sequences, which
translates into the two complementary approaches for the study smooth sequences
that we will take in Chapters 7 and 8 respectively.

Finally, Section 6.2 recalls how to compute the complexity over a binary alphabet
from the bispecial factors, as it will be a central tool in Chapters 7 and 8.

6.1. Smooth sequences
Definition 6.1.1. A binary alphabet is a set A= {a,b} where a and b are integers such
that 1 ≤ a < b. If a and b are both even (resp. both odd), we say that A is even (resp.
odd). Otherwise, i.e., if a +b is odd, we say that A is mixed.

Definition 6.1.2. Over a binary alphabet A= {a,b}, the complement of a word u ∈A∗

(resp. x ∈AN) is the word u (resp. x) where every letter a is replaced with the letter b
and vice versa.

Over a binary alphabet A= {a,b}, any sequence x ∈AN where the letters a and b
occur infinitely often is canonically factorized as x0

p0 x0
p1 x0

p2 x0
p3 ... where x0 is the

first letter of x and pi ≥ 1 for all i ≥ 0. We can now define the run-length encoding
with the vocabulary of derivable functions as it is the norm in the literature.

Definition 6.1.3. Over a binary alphabet A, we say that a sequence x ∈AN is derivable
if its canonical factorization is x0

p0 x0
p1 x0

p2 x0
p3 ... with pi ∈A for all i ≥ 0. We write C1

the set of derivable sequences and we define the derivative as the map

D : C1 −→AN

x0
p0 x0

p1 x0
p2 ... 7−→ p0p1p2...

Example 6.1.4. Over {1,2} we have (221)ω ∈ C1 andD ((221)ω) = (21)ω ∈ C1 butD ((21)ω) =
1ω ∉ C1.

Definition 6.1.5. For n ≥ 2, we define by induction the set of sequences that are derivable
n-times

Cn := {
x ∈ C1

∣∣ D(x) ∈ Cn−1} .

We then define the set of smooth sequences, that is the set of sequences that are infinitely
derivable

C∞ := ⋂
n≥1

Cn .
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With this definition, the Oldenburger-Kolakoski sequence κ satisfies D(κ) = κ so it
is trivially smooth, and the proof that κ is aperiodic is easily adaptable to any smooth
sequence.

Proposition 6.1.6. No smooth sequence is eventually periodic.

Proof. Suppose that a sequence x ∈AN is smooth, eventually periodic, and that its
period u ∈ A+ is the smallest period among all smooth sequences. Then D(x) is
also smooth and eventually periodic, and its period is strictly shorter than u unless
A= {1,b} and u ∈ {1b,b1}. In the first case it contradicts the minimality of u, and in
the second case D(x) is not smooth.

Lastly, we must warn the reader that the set C∞ is not a subshift.

Remark 6.1.7. The set C∞ is closed but it is not shift-invariant: if A ̸= {1,2}, we
can shift any smooth sequence until it is not derivable. Over {1,2}, we have for ex-
ample D4(S(κ2,1)) =D4(211212212211211...) =D3(1211212212...) =D2(1121121...) =
D(2121...) = 111... ∉ C1, so S(κ2,1) ∉ C∞.

6.1.1. Conjugacy to the full-shift
In [Dek01], Dekking characterized smooth sequences over {1,2} by conjugating them
to {1,2}N. This was later generalized in the series of articles [BBC05; Brl+06; BJP08;
Jam+26] with the map calledΦ, we define it in a slightly different way here and we call
it the trace.

Definition 6.1.8. Over a binary alphabet A= {a,b}, the trace is the map

T : C∞ −→AN

x 7−→ (
Dn(x)0

)
n≥0 .

In Section 4 of [Dek01], Dekking noticed that the trace is a bijection over {1,2}. This
easily extends to any binary alphabet, and we build here the reciprocal of T as a
computable sequence of prefixes.

Definition 6.1.9. Over a binary alphabet A= {a,b}, the r-primitives are the maps

Pr,a : A∗ −→A+ Pr,b :A∗ −→A+

u1...un 7−→
{

au1 bu2 ...bun aa if n is even,

au1 bu2 ...aun ba otherwise.
u 7−→Pr,a(u)

If u ∈An , we also define the r-u-primitive as the composition

Pr,u :=Pr,u1 ◦Pr,u2 ◦ ...◦Pr,un .
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We observe that, given a sequence x ∈AN, the words Pr,x[0,n) (xn) with n ≥ 0 are pre-
fixes of strictly increasing length of a sequence overA that we denote by lim

n→∞Pr,x[0,n) (xn).

Moreover, this limit sequence is smooth (see the proof of Theorem 7.1.18 for example)
so we can define the following map.

Definition 6.1.10. Over a binary alphabet A= {a,b}, the expansion is the map

E :AN −→ C∞

x 7−→ lim
n→∞Pr,x[0,n) (xn).

Example 6.1.11. Over {2,3}, we have

Pr,ε(2) = 2

Pr,2(3) = 22233

Pr,23(2) =Pr,2(3322) = 222333223322

which converges to the smooth sequence

E
(
(23)ω

)= 222333223322233322332233322233322332233322233223332223332...

By construction, the maps E :AN→ C∞and T : C∞ →AN are continuous and recip-
rocal of each other. Still in Section 4 of [Dek01], Dekking showed that this bijection
induces a conjugacy between (C∞,D) and the full-shift (AN,S) over {1,2}, and this also
extends to any binary alphabet.

Proposition 6.1.12. Over a binary alphabet A, (C∞,D) is conjugated to the full-shift
(AN,S), which provides the commuting diagram

C∞ C∞

AN AN

D

TE TE
S

Now the expansion is a constructive and computable representation of smooth
sequences.

Example 6.1.13. Over {1,2}, the sequences

E
(
(21)ω

)= 212212112212211211212211211221211211221221211212211211212...

E
(
(12)ω

)= 112112212212112212211212212112112212112122112112122121122...

are the derivative of each other.

6.1.2. Fixed points
Before considering general smooth sequences, the first generalization of the Oldenburger-
Kolakoski sequence was the fixed points of D over other binary alphabets. Proposi-
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tion 6.1.12 provides a characterization of these smooth sequences.

Lemma 6.1.14. Over a binary alphabet A = {a,b}, the two fixed points of D are the
smooth sequences E(aω) and E(bω). In particular, if a = 1, we observe that E(1ω) =
1E(bω).

Proof. Proposition 6.1.12 directly yields D(E(aω)) = E(S(aω)) = E(aω) and D(E(bω)) =
E(S(bω)) = E(bω). Conversely, if x ∈ C∞ satisfies D(x) = x, Proposition 6.1.12 yields
S(T (x)) = T (D(x)) = T (x) so T (x) ∈ {aω,bω}.

Definition 6.1.15. Over a binary alphabet A = {a,b}, we write κa,b := E(aω) and
κb,a := E(bω).

Example 6.1.16. The Oldenburger-Kolakoski sequence is now denoted by κ2,1. Here are
other examples of fixed points:

κ3,1 = 333111333131333111333133313331113331313331113331333111333133...

κ2,4 = 224422224444224422442222444422224444224422224444224422224444...

κ2,5 = 225522222555552255225522555552222255555222225555522552222255...

Dekking noticed in [Dek79] the remarkable fact that κ3,1 is a morphic sequence (cf.
Section 4.1.2). He later gave the details in the introduction of [Dek01], the idea is to
mark the parity of the letters 1 and 3 in κ3,1 with four letters. Then classical results
about substitutions directly apply and provide strong results.

Proposition 6.1.17. (i) We haveκ3,1 = τ(σ∞(3)) whith the substitutionσ : 1 7→ 3,1′ 7→ 1′,
3 7→ 33′3,3′ 7→ 1′11′ and the coding τ : 1 7→ 1,1′ 7→ 1,3 7→ 3,3′ 7→ 3,

(ii) κ3,1 is linearly recurrent,
(iii) pκ3,1 (n) =Θ(n),
(iv) κ3,1 has uniform frequencies, in particular its frequency of 3’s is an algebraic

number approximately equal to 0.6028.

Proof. (i) We refer to Section 4.1.2.
(ii) We observe that σ is ℓ-primitive and tame (see the definitions in Section 5.1.2).

Then Theorem 5.1.10 states that the subshift Xσ is minimal and Corollary 5.1.12 states
that Xσ is linearly recurrent, so a fortiori the sequence σ∞(3) is linearly recurrent.
Finally, κ3,1 remains linearly recurrent when applying the coding τ.

(iii) Since κ3,1 is linearly recurrent, [DHS99, Theorem 24 i)] states that is has at
most linear factor complexity, but Proposition 6.1.6 ensures that κ3,1 is aperiodic so
Theorem 2.2.5 states that it has at least linear factor complexity.

(iv) Since κ3,1 is linearly recurrent, [Dur00, Theorem 15] states that is has uniform
frequencies. Also, the letter frequencies of the purely morphic sequence σ∞(3) are
given by the Perron-Frobenius eigenvector of its incidence matrix, and the frequencies
of the letters 3 and 3′ in σ∞(3) sum to the frequency of the letter 3 in κ3,1.

85



6. More Kolakoski sequences – 6.1. Smooth sequences

We notice that κ3,1 differs from Conjecture 6.0.1 about the Oldenburger-Kolakoski
sequence on properties (iii) and (iv). In [BS04] the authors extensively studied the
properties of κ3,1, but they used a different substitutive representation relying on a
primitive substitution over three letters instead of the ℓ-primitive and tame substi-
tution over four letters given in Proposition 6.1.17. In fact, Dekking’s construction
and Sing’s construction can both be generalized to every fixed point over an even
and odd alphabet, which provides linearly recurrence, linear factor complexity and
computable frequencies for all. Sing detailed his construction in the overview [Sin10],
let us illustrate it on the simple case of the even alphabet {2,4}.

Proposition 6.1.18. (i) We have κ2,4 = τ(σ∞(A)) whith the substitutions σ : A 7→ AB ,
B 7→ A ABB and τ : A 7→ 22,B 7→ 44,

(ii) κ2,4 is linearly recurrent,
(iii) pκ2,4 (n) =Θ(n),
(iv) κ2,4 has uniform frequencies, in particular it has equal letter frequencies.

Proof. The proof is identical to Proposition 6.1.17.

Once again, we notice that κ2,4 differs from Conjecture 6.0.1 about the Oldenburger-
Kolakoski sequence on property (iii). However, we easily observe that any smooth
sequence over an even alphabet has equal letter frequencies.

6.1.3. Dichotomy
By studying the sequences κa,b over various alphabets with Conjecture 6.0.1 or Propo-
sitions 6.1.17 and 6.1.18, we observe a huge gap of difficulty between the Oldenburger-
Kolakoskiκ2,1 and the morphic smooth sequences likeκ3,1 orκ2,4. This is the symptom
of a profound dichotomy within smooth sequences that we state for the first time in
its most general form.

Conjecture 6.1.19. Smooth sequences are split between two groups that have the same
properties.

1. Over a mixed alphabet A= {a,b}, every smooth sequence has the same language

and its factor complexity grows likeΘ(nρ) where ρ = log(a+b)

log
(

a+b
2

) .

2. Over even and odd alphabets, smooth sequences have different languages but they
have a substitutive structure.

Remark 6.1.20. If the conjecture for mixed alphabets holds then there is no morphic
smooth sequence over a mixed alphabet, otherwise with Theorem 4.1.15 its factor
complexity would grow likeΘ(n1+1/k ) for some k ≥ 1 and we would get a +b = 2k+1.

The next two chapters will explore one side of this dichotomy each. In Chapter 7 we
will study the complexity of the language behind the conjecture for mixed alphabets,
and in Chapter 8 we will take advantage of the substitutive structure of smooth se-
quences over even and odd alphabets to obtain uniform recurrence, to describe their
factor complexity and even obtain unique ergodicity in some cases.
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6.2. Factor complexity and bispecial words
Let us recall how to compute the complexity of a language over a binary alphabet from
the bispecial factors (we refer to Section 3.3 of [Cas97]).

First, recall that a language L is factorial if u ⊏ v ∈ L implies u ∈ L . Also, L is
left-extendable (resp. right-extendable) if, for all u ∈L , there exists a ∈A such that
au ∈L (resp. ua ∈L ).

Definition 6.2.1. Let A = {a,b} be a binary alphabet and let L ⊆A∗ be a factorial,
left- and right-extendable language. A word u ∈L is bispecial if {au,bu,ua,ub} ⊆L .
In that case, the set {aua, aub,bua,bub}∩L has 2, 3 or 4 elements and its cardinal
determines the type of u: we say that u is weak if it has 2 elements, neutral if it has 3
and strong if it has 4.

Let BS(n) be the set of bispecial factors of L of length n. Let s(n) be the first finite
difference of the factor complexity, i.e., s(n) = pL (n +1)−pL (n), and let b(n) be the
second finite difference, i.e., b(n) = s(n +1)− s(n). The seminal result that allows to
compute the complexity of the language L is the following.

Theorem 6.2.2 ([Cas97, Proposition 3.2]). Let L be a factorial, left- and right-extendable
language, and let bs(n) (resp. bw(n)) denote the number of strong (resp. weak) bispecial
words of L . Then for all n ≥ 0 we have

b(n) = bs(n)−bw(n).

With this theorem, studying the strong and weak bispecial words of a language, and
specifically their length, allows to recover precisely the factor complexity (instead of
describing all words of each length).
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Oh ain’t that funny
All these words are made for me

Caravan Palace
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In the framework of smooth sequences, we conjectured in Section 6.1.3 that, over
a mixed alphabet A= {a,b}, every smooth sequence has the same language and its
factor complexity grows likeΘ(nρ) where ρ = log(a +b)/log((a +b)/2). The language
in question was first described over {1,2} by Dekking in [Dek81] and was called C∞-
words. The definition naturally extends to any binary alphabet, but we change the
name to fit with our general framework of smooth sequences: smooth words are
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the finite words that are infinitely derivable with the derivative D f on finite words
that simulates locally the derivative D on infinite words. If C∞

f denotes the set of
smooth words, it follows from the definition that, over any alphabet, every smooth
sequence x satisfies L (x) ⊆ C∞

f . In [Dek81], Dekking conjectured that L (κ) = C∞
f for

the Oldenburger-Kolakoski sequence κ over {1,2}, and we generalize this conjecture
to every smooth sequence over mixed alphabets.

Conjecture 7.0.1. Over a mixed alphabet, every smooth sequence x satisfies L (x) = C∞
f ,

and in particular px(n) = pC∞(n) = pC∞
f

(n).

Nothing is known about this conjecture, but the conjecture about the Oldenburger-
Kolakoski sequence κ has led to a thorough investigation of the properties of smooth
words. For instance, heavy computation in [Chv93; Rao12; Nil14] suggest that the
asymptotical frequencies of letters in smooth words over {1,2} is 1/2, supporting
Keane’s conjecture that κ has equal letter frequencies. Researchers also studied repe-
titions in smooth words: Carpi showed in [Car94] that smooth words are cube-free,
and Huang generalized it in [Hua11b] by showing that smooth words are (b +1)-th-
power-free over any alphabet {a,b} where a < b, except over {1,3} where they are
5-th-power-free.

In this chapter we focus on the complexity of the language C∞
f . Over {1,2}, Dekking

conjectured in [Dek81] that pC∞
f

(n) =Θ(
nlog(3)/log(3/2)

)
, and it was generalized by Sing

in [Sin10].

Conjecture 7.0.2 ([Sin10]). Over a binary alphabet {a,b}, we have pC∞
f

(n) = Θ(nρ)

where ρ = log(a+b)

log
(

a+b
2

) .

Towards this conjecture, Dekking showed in [Dek81] that pC∞
f

(n) has polynomial

lower and upper bounds over {1,2} and Sing [Sin02] generalized these bounds to any
alphabet. Later Weakley studied the bispecial smooth words, in [Wea89] he described
how they can be used to prove Conjecture 7.0.2 over {1,2}, and in [HW10] he and
Huang obtained other polynomial bounds that depend on letter frequencies. Huang
later claimed in [Hua11a] to generalize this last result to any alphabet, but we found a
mistake that we explain in Section 7.1.1.4. Now we arrive to our contributions to the
study of smooth words, based on a joint work with Julien Cassaigne (preprint [CH26]).

• In Theorem 7.1.18 we show that, over any binary alphabet, any smooth words
occurs in at least one smooth sequences. This yields the equality of complexities
pC∞(n) = pC∞

f
(n) and further motivates the study of C∞

f .

• In Theorem 7.1.19 we prove the conjectured lower bound of pC∞
f

(n) over any

alphabet and the conjectured upper bound over even alphabets (i.e., a and b are
even).

• In Theorem 7.1.20 we give a new upper bound of pC∞
f

(n) over odd alphabets (i.e.,

a and b are odd).
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7.1. Preliminaries
Recall that, over a binary alphabet A= {a,b}, the complement of a word u ∈A∗ (resp.
x ∈AN) is the word u (resp. x) where every letter a is replaced with the letter b and
vice versa.

7.1.1. Smooth words
7.1.1.1. smooth words

Any binary word u ∈A∗ is canonically factorized as ap1
1 ...apn

n where ai ∈A, ai+1 = ai

and pi ≥ 1, with the convention that n = 0 if u = ε.

Definition 7.1.1. Over a binary alphabet A, we say that a word u ∈A∗ is derivable if its
canonical factorization is ap1

1 ...apn
n with pi ∈A for all i ∈ J2,n −1K and p1, pn ∈ J1,bK.

We write C1
f the set of finite derivable words and we define the finite derivative as the

map

D f : C1
f −→A∗

ap1
1 ...apn

n 7−→ cut(p1) p2 ... pn−1 cut(pn)

where cut(p) =
{
ε if 1 ≤ p ≤ a

b if a < p ≤ b
, D f (ε) = ε and D f (ap1

1 ) = cut(p1).

Example 7.1.2. Over {1,2}, C1
f is the set of words that do not contain the factors 111 or

222, and we have D f (ε) =D f (1) =D f (21) = ε and D f (2211) =D f (122112) = 22. Over
{1,3}, we have D f (331113) = 33.

Definition 7.1.3. For n ≥ 2, we define by induction the set of finite words that are
derivable n times

Cn
f :=

{
u ∈ C1

f

∣∣∣ D f (u) ∈ Cn−1
f

}
.

We then define the set of smooth words, that is the set of finite words that are infinitely
derivable

C∞
f := ⋂

n≥1
Cn

f .

We notice that the map D f is contracting, i.e.,
∣∣D f (u)

∣∣< |u| if u ∈ C1
f \{ε}. This means

that a finite word is smooth if and only if it can be derived down to ε.

Definition 7.1.4. The height of a smooth word u is the first integer n ≥ 0 such that
Dn

f (u) = ε.

Example 7.1.5. Over {1,2}, we have D4
f (221121221) =D3

f (22112) =D2
f (22) =D f (2) = ε

so 221121221 ∈ C∞
f with height 4, but D f (12121) = 111 ∉ C1

f so 12121 ∉ C∞
f .

One can easily show that the set C∞
f is factorial, left- and right-extendable, we refer

to [Wea89, Proposition 2] for the proof over {1,2}.
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7.1.1.2. The language of smooth sequences

From the definitions of smooth and smooth words, we easily notice that L (C∞) ⊆ C∞
f ,

which yields px(n) ≤ pC∞(n) ≤ pC∞
f

(n) for all x ∈ C∞. In [Dek81], Dekking conjectured

that L (κ2,1) = C∞
f over {1,2}, and we extend it to all smooth sequences over a mixed

alphabet with Conjecture 7.0.1. This is notably linked to the recurrence of smooth
sequences.

Remark 7.1.6. If Conjecture 7.0.1 holds, then the language of every smooth sequence
over a mixed alphabet is complement-invariant and reversal-invariant, where the re-
versal of a word u1...un is un ...u1. In particular, reversal-invariance implies recurrence.

However, Conjecture 7.0.1 cannot be extended to even or odd alphabets. In [BJP08,
Proposition 26], the authors showed that the language of the lexicographic extremal
smooth sequences over even alphabets is neither mirror-invariant nor complement-
invariant, contrary to C∞

f . Over odd alphabets, there are even more pathological
smooth sequences that miss a lot of smooth words.

Example 7.1.7. Over the odd alphabet A= {1,b}, the two words E((1b)ω) and E((b1)ω)
do not contain the smooth word bb. For example, over {1,3}, they are

E((13)ω) = 11131113131113111313111313111311131311131113131113131113111...

E((31)ω) = 31311131311131113131113131113111313111311131311131311131113...

This suggests that, over even or odd alphabets, studying the set C∞
f is not the way to

describe the factor complexity of single smooth sequences. Regardless, we will show
in Theorem 7.1.18 that L (C∞) = C∞

f , which yields pC∞(n) = pC∞
f

(n) and cements the

importance of the set C∞
f over every binary alphabet.

7.1.1.3. The complexity of smooth words

With the previous observations and conjectures, the complexity pC∞
f

(n) has naturally

been thoroughly investigated. The main conjecture was originally formulated over
the alphabet {1,2} in [Dek81] and later generalized to every binary alphabet in [Sin10],
this is Conjecture 7.0.2. A first attempt to study pC∞

f
(n) was made by Dekking over

{1,2} in [Dek81] and later generalized to every binary alphabet by Sing with [Sin02].

Theorem 7.1.8 ([Sin02, Propositions 1 and 3]). Over a binary alphabet A= {a,b}, there
exist N ≥ 0 and C > 0 such that, for all n > N , we have

C nα ≤ pC∞
f

(n) ≤ nβ

where α= log(a+b)

log
(

a2+b2
a+b

) and β= log(2b2)
log

(
2ab
a+b

) .
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While this does not prove Conjecture 7.0.2, it still provides the first polynomial
bounds for any binary alphabet. This implies zero entropy for all smooth sequences
(recall that the entropy of a word x ∈AN is the finite quantity lim

n→∞ log
(
px(n)

)
/n).

Corollary 7.1.9. Every smooth sequence has zero entropy.

In [Wea89], Weakley took another approach by studying the bispecial smooth words
over {1,2}.

Theorem 7.1.10 ([Wea89, Corollary 9]). Over {1,2}, let ρ = log(3)/log(3/2). Then there
exists two constants 0 <C1 <C2 such that

C1nρ ≤ pC∞
f

(n) ≤C2nρ

for each n satisfying Li−1 + 1 ≤ n ≤ ℓi + 1 for some i ≥ 0, where ℓi (resp. Li ) is the
minimum (resp. maximum) length of bispecial smooth words of height i .

This result led Weakley to ask when Li−1 ≤ ℓi holds, computations suggest that it
holds for all i ≥ 0 but it is still an open question. In fact this directly relates to the letter
frequencies in smooth words, as shown in the next result of Weakley and Huang.

Theorem 7.1.11 ([HW10, Theorem 3]). Over {1,2}, if φ< 1/2 is a positive real number
and N is a positive integer such that |u|2

|u| > 1
2 −φ for all u ∈ C∞

f such that |u| > N , then

there are positive constants C1,C2 > 0 such that, for all n ≥ 1, we have

C1nδ < pC∞
f

(n) <C2nγ

where δ= log(3)
log(3/2+φ+2/N) and γ= log (3)

log(3/2−φ) .

Remark 7.1.12. Keane famously conjectured in [Kea91] that κ2,1 has equal letter fre-
quencies. More generally, over any mixed alphabet, we think that the letter frequencies
in smooth words are asymptotically 1/2. In particular this supports Conjecture 7.0.2
when combined with Theorem 7.1.11. However, the conjecture about letter frequencies
fails over odd alphabets: for example the smooth sequence κ3,1 studied in Proposi-
tion 6.1.17 has frequencies of 1 and 3 that are not equal.

Theorem 7.1.11 can be combined with the computations of [Rao12] and [Nil14] that

provide limsup
u∈C∞

f

|u|2
|u| > 1

2
−0.00008 over {1,2}.

Corollary 7.1.13. Over {1,2}, let ρ = log(3)/log(3/2). Then there exists a constant C > 0
such that, for all n ≥ 0,

pC∞
f

(n) <C nρ+0.00036.
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7.1.1.4. A mistake in a paper

In [Hua11a], Huang claimed to generalize Theorem 7.1.11 to any binary alphabet.

Claim 7.1.14 ([Hua11a, Theorem 12]). Let A = {a,b} be a binary alphabet. If φ is a
positive real number and N is a positive integer such that |u|2

|u| >φ for all u ∈ C∞
f such

that |u| > N , then there are positive constants C1,C2 > 0 such that, for all n ≥ 0, we have

C1nδ < pC∞
f

(n) <C2nγ

where δ= log(2b−1)
log(1+(a+b−2)(1−φ)) and γ= log(2b−1)

log(1+(a+b−2)φ) .

If we expect φ to be arbitrarily close to 1/2, as it is conjectured for even and mixed

alphabets, Claim 7.1.14 would suggest that pC∞
f

(n) =Θ(nρ′) where ρ′ = log(2b−1)

log
(

a+b
2

) . In

the same paper, Huang also claimed to give the asymptotic behavior of pC∞
f

(n) over

even alphabets.

Claim 7.1.15 ([Hua11a, Theorem 16]). Let A= {a,b} be an even alphabet. Then

pC∞
f

(n) =Θ(nρ′) where ρ′ = log(2b −1)

log
(

a+b
2

) .

We notice that Claims 7.1.14 and 7.1.15 conflict with Conjecture 7.0.2, and in fact
they are false. The mistake comes from the fact that the proofs use an incorrect defini-
tion of finite derivative: the correct operation is D f as introduced in Definition 7.1.1,
note that it is also defined in [Hua11a] and denoted by ρ; but the author uses the
different operation D defined as follows.

Definition 7.1.16. Over a binary alphabet A, we define the map

D : C1
f −→A∗

ap1
1 ...apn

n 7−→ cut′(p1) p2 ... pn−1 cut′(pn)

where cut′(p) =
{
ε if 1 ≤ p < b

b if p = b
, with the convention that D(ε) = ε.

The map D happens to be identical to D f when a = b −1, but not anymore when
a < b −1. The consequence is that the set of "smooth words" defined by D is big-
ger than C∞

f (hence ρ′ > ρ) and contains finite words that cannot occur in smooth
sequences, as illustrated in the following example.

Example 7.1.17. Over {1,4}, the word u := 4414441443 is "smooth" with regard to D
since D3(u) = D2(44) = D(4) = ε, but every occurrence of u in an infinite word has to be
followed by a 4 and the word u4 cannot occur in a smooth sequence. However, u is not
smooth with regard to D f since D f (u) = 45 ∉ C1

f .
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7.1.2. New results
In this chapter we contribute to Conjectures 7.0.1 and 7.0.2. We begin in Section 7.2
by showing that the smooth words are exactly the factors of smooth sequences.

Theorem 7.1.18. Over any binary alphabet, we have L (C∞) = C∞
f , and in particular

pC∞(n) = pC∞
f

(n).

This does not prove Conjecture 7.0.1 but it motivates even more the study of the com-
plexity pC∞

f
(n). Next, in Section 7.3 we extend the description of the bispecial smooth

words of [Wea89] to any binary alphabet, and in Section 7.4 we solve Conjecture 7.0.2
over even alphabets and we obtain the lower bound over the other alphabets.

Theorem 7.1.19. Let A= {a,b} and let ρ = log(a+b)

log
(

a+b
2

) .

(i) We have pC∞
f

(n) =Ω(nρ).

(ii) If A is even, then pC∞
f

(n) =Θ(nρ).

With the same techniques we obtain a new upper bound over odd alphabets.

Theorem 7.1.20. Let A= {a,b} be an odd alphabet and let ζ := log(2λ)
log(λ) where

λ :=
{

1+p2b−1
2 if a = 1,

the dominant root of X 3 − a+b
2 X 2 + (b−a)2

4 otherwise.

Then we have pC∞
f

(n) =O(nζ).

Remark 7.1.21. We do not provide an explicit formula for ζ but we claim that our upper
bound improves Theorem 7.1.8. In the following table we compute and compare the
exponents ρ provided by Conjecture 7.0.2, ζ provided by Theorem 7.1.20 and β provided
by Theorem 7.1.8 for various odd alphabets.

A {1,3} {1,5} {3,5} {1,7} {3,7} {5,7} {1,9} {3,9} {5,9} {7,9}

ρ 2 1.63 1.5 1.5 1.431 1.387 1.431 1.387 1.356 1.333
ζ 2.44 2 1.51 1.831 1.44 1.388 1.74 1.397 1.358 1.334
β 7.129 7.658 2.96 8.193 3.195 2.6 8.565 3.383 2.734 2.465

7.2. Factors of smooth sequences
In this section we prove Theorem 7.1.18. To do so, we use a right version of smooth
words called r-smooth words, originally introduced in [BMP07], which will play the
role of prefixes in smooth sequences.
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7.2.1. r-smooth words
Definition 7.2.1. Over a binary alphabetA, we say that a word u ∈A∗ is right-derivable
if it is factorized as ap1

1 ...apn
n where pi ∈A for all i ∈ J1,n −1K and pn ∈ J1,bK. We write

C1
r the set of right-derivable words and we define the right-derivative as the map

Dr : C1
r −→A∗

ap1
1 ...apn

n 7−→ p1 ... pn−1 cut(pn)

where the function cut is the same as in D f and Dr (ap1
1 ) = cut(p1).

Example 7.2.2. Over {1,2}, we have Dr (ε) =Dr (2) = ε, Dr (21) = 1 and Dr (211) = 12.

Definition 7.2.3. For n ≥ 2, we define by induction the set of words that are right-
derivable n times

Cn
r := {

u ∈ C1
r

∣∣ Dr (x) ∈ Cn−1
r

}
.

We then define the set of r-smooth words, that is the set of words that are infinitely
right-derivable

C∞
r := ⋂

n≥1
Cn

r .

Similarly to C∞
f , one can easily prove by induction that u ⊏p v ∈ C∞

r implies u ∈ C∞
r ,

and that the language C∞
r is right-extendable.

7.2.2. Prefixes and factors of smooth sequences
Let us prove Theorem 7.1.18 using the fact that C∞

r is exactly the set of prefixes of
smooth sequences.

Proof of Theorem 7.1.18. Let A= {a,b} be a binary alphabet. We already observed that
L (C∞) ⊆ C∞

f , so it remains to prove that C∞
f ⊆L (C∞).

The first step is to show that every smooth word is factor of an r-smooth word. For
that we are going to show that, for all u ∈ C∞

f , there exists v ∈A∗ such that |v | ≥ a +b
and vu ∈ C∞

r . We proceed by induction on the height of u: first, if u has height 0, i.e.,
u = ε, then the word v = abba suffices. Now let h ≥ 0 be such that, for all u ∈ C∞

f of

height h, there exists v ∈A∗ such that |v | ≥ a+b and vu ∈ C∞
r . Let u ∈ C∞

f be of height

h+1 and consider its canonical factorization u = ap1
1 ...apn

n with n ≥ 1. The word D f (u)
is smooth and has height h so, by hypothesis, there exists v ∈A∗ such that |v | ≥ a +b
and vD f (u) ∈ C∞

r , and we can write v = v1...vℓ with ℓ ≥ a +b. In particular, v ∈ C∞
r

and it is long enough to contain at least a ocurrences of the letter b. We deduce that

ℓ∑
i=1

vi = a |v |a+b|v |b = a (ℓ−|v |b)+b|v |b = aℓ+(b−a)|v |b ≥ a(a+b)+(b−a)a ≥ (a+b)+a.

If p1 ≤ a, we have D f (u) = p2...pn−1cut(pn) and we set w := cv1
1 ...cvℓ

ℓ
cp2

ℓ+1...cpn

ℓ+n−1
where ci+1 = ci and cℓ+1 = a2. We first observe that w = v ′u where v ′ := cv1

1 ...cvℓ−1
ℓ−1 cvℓ−p1

ℓ
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and that
∣∣v ′∣∣= (

ℓ∑
i=1

vi

)
−p1 ≥ (a +b +a)−a = a +b. We also observe that w ∈ C1

r and

that Dr (w) = vD f (u), which implies that w = v ′u ∈ C∞
r .

If p1 > a, we haveD f (u) = bp2...pn−1cut(pn) and we set w := cv1
1 ...cvℓ

ℓ
cb
ℓ+1cp2

ℓ+2...cpn

ℓ+n

where ci+1 = ci and cℓ+1 = a1. We first observe that w = v ′u where v ′ := cv1
1 ...cvℓ

ℓ
cb−p1

ℓ+1

and that
∣∣v ′∣∣≥ ℓ∑

i=1
vi ≥ a+b+a. We also observe that w ∈ C1

r and that Dr (w) = vD f (u),

which implies that w = v ′u ∈ C∞
r .

The second step is to show that a sequence x ∈ AN such that all its prefixes are
r-smooth is smooth. We show by induction on n that, for all n ≥ 1, a sequence x ∈AN

such that all its prefixes are r-smooth satisfies x ∈ Cn . If n = 1, we easily notice that a
sequence such that all its prefixes are r-smooth is derivable. Now let n ≥ 1 be such
that a sequence x ∈AN such that all its prefixes are r-smooth satisfies x ∈ Cn , and let
x ∈AN be such that all its prefixes are r-smooth. In particular, the words Dr (x[0,bn))
are r-smooth for all n ≥ 0 and are prefixes of strictly increasing length of the sequence
D(x). We deduce that all prefixes of D(x) are r-smooth, and by hypothesis we have
D(x) ∈ Cn so x ∈ Cn+1.

The third step is to show that every r-smooth word is prefix of a smooth sequence. If
v is r-smooth, the fact that the language C∞

r is right-extendable provides a sequence of
r-smooth words of strictly increasing length, starting with v , which are all prefixes of a
sequence x ∈AN. By construction we have v ⊏p x, and all prefixes of x are r-smooth
so x is smooth.

Finally, if u ∈ C∞
f , we proved that there exists v ∈ C∞

r such that u ⊏ v and that there

exists x ∈ C∞ such that v ⊏p x, so we have u ⊏ x. Therefore, we have C∞
f ⊆L (C∞).

7.3. Bispecial smooth words
In this section we detail how to compute pC∞

f
(n) from the bispecial smooth words,

extending the work of Weakley [Wea89] to any binary alphabet. First we split the
strong and weak bispecial smooth words into five families, each forming an infinite
binary tree introduced in Definition 7.3.7. Then we show in Proposition 7.3.10 that it
suffices to study a single family of strong bispecial smooth words to bound pC∞

f
(n).

7.3.1. Finite primitives
In order to determine the bispecial smooth words, we introduce the notion of finite
primitives. This starts with the observation that the two longest words with derivative
u ∈An are canonically factorized as aa

0 au1
1 au2

2 ...aun
n aa

n+1.
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Definition 7.3.1. Over a binary alphabet A= {a,b}, the finite primitives are the maps

P f ,a : A∗ −→A+ P f ,b :A∗ −→A+

u1...un 7−→
{

aabu1 au2 ...aun ba if n is even,

aabu1 au2 ...bun aa otherwise.
u 7−→P f ,a(u)

Example 7.3.2. Over {1,2}, we have P f ,1(2) = 1221 and P f ,2(2) = 2112.
Over {2,4}, we have P f ,2(42) = 2244442244.

We make two important remarks.

Remark 7.3.3. If u ∈ A∗ and c ∈ A, then D f
(
P f ,c (u)

) = u. We deduce that, if u is
smooth then P f ,c (u) is also smooth. If u ⊏p v ∈A∗ and c ∈A, then P f ,c (u)⊏p P f ,c (v).

7.3.2. Reduction of bispecial smooth words
Now we show that bispecial smooth words can be expressed with finite primitives and
reduced to short bispecial words with the same type.

Definition 7.3.4. If u ∈A∗ is canonically factorized as ap1
1 ...apn

n , we define its factorized
length as ∥u∥ := n. Then we say that u is short if ∥u∥ ≤ 1, otherwise we say that u is
long.

Lemma 7.3.5. Let u be a bispecial smooth word over A= {a,b}.
(i) If u is long, then u =P f ,u1

(
D f (u)

)
and D f (u) is also bispecial, of the same type.

(ii) The words P f ,a(u) and P f ,b(u) are also bispecial, of the same type.

Proof. (i) Let ap1
1 ...apn

n be the canonical factorization of u, where n = ∥u∥ ≥ 2. We have

ap1+1
1 ...apn

n = a1u ∈ C∞
f so p1 +1 ≤ b, and a1ap1

1 ...apn
n = a1u ∈ C∞

f so p1 ∈ {a,b}, there-

fore p1 = a; and symmetrically we obtain pn = a. We deduce that u = aa
1 ap2

2 ...apn−1
n−1 aa

n
and D f (u) = p2...pn−1, which yields u =P f ,u1

(
D f (u)

)
with the fact that a1 = u1.

Next, the fact that D f (u) is also a bispecial smooth word with the same type as u
relies on the following equivalences:

a1uan ∈ C∞
f ⇐⇒ bD f (u)b ∈ C∞

f (4)

a1uan ∈ C∞
f ⇐⇒ bD f (u)a ∈ C∞

f (5)

a1uan ∈ C∞
f ⇐⇒ aD f (u)b ∈ C∞

f (6)

a1uan ∈ C∞
f ⇐⇒ aD f (u)a ∈ C∞

f (7)

These equivalences rely on the following trivial equivalence: if v ∈ A∗, then v ∈
C∞

f if and only if v ∈ C1
f and D f (v) ∈ C∞

f . Then D f (a1uan) = bD f (u)b yields (4),

D f (a1uan) = bD f (u)a yields (5), D f (a1uan) = aD f (u)b yields (6) and D f (a1uan) =
aD f (u)a yields (7).

Now we have a1u ∈ C∞
f because u is bispecial, so either a1uan or a1uan ∈ C∞

f ,

and then (4) and (5) yield bD f (u) ∈ C∞
f . Similarly we show that aD f (u), D f (u)a and
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D f (u)b ∈ C∞
f , which means that D f (u) is bispecial. Finally, (4), (5), (6) and (7) ensure

that D f (u) has the same type as u.
(ii) Let v = P f ,c (u) with c ∈A. In particular, we have ∥v∥ ≥ 2 so, if v = ap1

1 ...apn
n ,

then (4), (5), (6) and (7) hold for v and D f (v) = u. Now we have au ∈ C∞
f because u is

bispecial, so either aua or aub ∈ C∞
f , and then (6) and (7) yield a1v ∈ C∞

f . Similarly

we show that a1v , va1 and v a1 ∈ C∞
f , which means that v is bispecial. Finally, (4), (5),

(6) and (7) ensure that v has the same type as u.

This means that every bispecial smooth word can be derived down to a short bispe-
cial smooth word that we call its root and that has the same type.

7.3.3. Families of bispecial smooth words
Now let us determine the strong and weak roots of bispecial smooth words.

Lemma 7.3.6. Let A= {a,b} be a binary alphabet.
(i) If a = b−1, then ε is the unique short strong bispecial smooth word and there is no

short weak bispecial smooth word.
(ii) If a < b −1, then the short strong bispecial smooth words are ε, aa and ba ; and

the short weak bispecial smooth words are ab−1 and bb−1.

Proof. The short smooth words are all the words of the form cn with c ∈A and n ∈
J0,bK, so we directly check their bi-extensions in C∞

f .

ccnc ccnc ccnc ccnc type of cn

n = 0 ∈C∞
f ∈C∞

f ∈C∞
f ∈C∞

f strong

n ∈ J1, a −1K∪ Ja +1,b −2K ∈C∞
f ∈C∞

f ∈C∞
f ∉C∞

f neutral

n = a = b −1 ∉C∞
f ∈C∞

f ∈C∞
f ∈C∞

f neutral

n = a < b −1 ∈C∞
f ∈C∞

f ∈C∞
f ∈C∞

f strong

n = b −1 > a ∉C∞
f ∈C∞

f ∈C∞
f ∉C∞

f weak

n = b ∉C∞
f ∉C∞

f ∉C∞
f ∈C∞

f not bispecial

Definition 7.3.7. Over a binary alphabet A= {a,b}, we define the infinite binary tree T
as follows: its root is ε and the two children of a vertex u ∈A∗ are P f ,a(u) and P f ,b(u).
By Lemma 7.3.5, the vertices of T are all the strong bispecial smooth words of root ε.

If a < b −1, we define in the same way the following infinite binary trees:

• T (1) is the tree of strong bispecial smooth words of root aa ,

• T (2) is the tree of strong bispecial smooth words of root ba ,

• T (3) is the tree of weak bispecial smooth words of root ab−1,

• T (4) is the tree of weak bispecial smooth words of root bb−1.
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Example 7.3.8. Over alphabets A= {a, a +1}, the strong bispecial smooth words form
the tree T . We display it over {1,2} in Figure 7.1.

ε

21

21121
211212212 ...

...
122121121 ...

...

12212
2122112112 ...

...
1211221221 ...

...

12

21221
2112112212 ...

...
1221221121 ...

...

12112
212212112 ...

...
121121221 ...

...

Figure 7.1.: The tree T over {1,2}.

7.3.4. Computation of the complexity
In this subsection we apply the theory of bispecial factors (cf. Section 6.2) to compute
pC∞

f
(n). We show that it suffices to study T in order to bound pC∞

f
(n), even when

a < b −1 and the strong and weak bispecial smooth words are spread among T , T (1),
T (2), T (3) and T (4).

Definition 7.3.9. For all i ≥ 0, we define Ti as the i -th generation of T , i.e., the set of
strong bispecial smooth words whose i -th ancestor in T is ε. In particular, |Ti | = 2i .

In order to count the contribution of the bispecial smooth words of T to the complexity
of C∞

f , we define the following numbers for all n, i ≥ 0:

bi (n) := ∣∣Ti ∩An
∣∣ , si (n) :=

n−1∑
m=0

bi (m),

pi (n) :=
n−1∑
m=0

si (m), p(n) :=
∞∑

i=0
pi (n).

Note that, for a fixed n, the definition of p(n) is a finite sum since bi (n) is eventually
zero when i grows.

Proposition 7.3.10. Over a binary alphabet A= {a,b}, for all n ≥ 0 we have

1+n +p(n) ≤ pC∞
f

(n) ≤ 1+n +3p(n).

Proof. Let s(n) be the first finite difference and let b(n) be the second finite difference
of pC∞

f
(n), as defined in Section 6.2.

If a = b − 1, there is no weak bispecial smooth word and every strong bispecial
smooth word belongs to T , so, with Theorem 6.2.2 and by summation, for all n ≥ 0 we
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have

b(n) = ∣∣T ∩An
∣∣= ∞∑

i=0
bi (n),

s(n) = s(0)+
n−1∑
m=0

b(m) = 1+
∞∑

i=0

n−1∑
m=0

bi (m) = 1+
∞∑

i=0
si (m),

pC∞
f

(n) = 1+
n−1∑
m=0

s(m) = 1+n +
∞∑

i=0

n−1∑
m=0

si (m) = 1+n +
∞∑

i=0
pi (n) = 1+n +p(n).

If a < b−1, for t ∈ J1,4K we define the i -th generation of T (t ) as T (t )
i , and the numbers

b(t )
i (n), s(t )

i (n), p(t )
i (n) and p(t )(n) exactly as for T . Now the strong bispecial smooth

words belong to T , T (1) or T (2) and the weak ones belong to T (3) or T (4), so with
Theorem 6.2.2 and by summation, we obtain

pC∞
f

(n) = 1+n +p(n)+p(1)(n)+p(2)(n)−p(3)(n)−p(4)(n). (8)

Now, we observe that ε⊏p aa so a quick induction on i with Remark 7.3.3 (ii) shows

that every word u ∈ Ti is the prefix of a word f (u) ∈ T (1)
i for all i ≥ 0. By construction,

the map f : T → T (1) is an injection, and we have |Ti | =
∣∣∣T (1)

i

∣∣∣= 2i for all i ≥ 0 so f is a

bijection and we have T (1)
i = f (Ti ) for all i ≥ 0. Then, by summation, for all i ≥ 0 and

all n ≥ 0 we have

p(1)
i (n) = ∑

u∈T (1)
i

max(0,n −|u|−1) =
∑

u∈Ti

max
(
0,n − ∣∣ f (u)

∣∣−1
)

≤ ∑
u∈Ti

max(0,n −|u|−1) = pi (n),

which yields p(1)(n) ≤ p(n) for all n ≥ 0. We also have ε ⊏p ba , aa ⊏p ab−1 and
ba ⊏p bb−1 so the same argument yields p(2)(n) ≤ p(n), p(3)(n) ≤ p(1)(n) and p(4)(n) ≤
p(2)(n) for all n ≥ 0. Finally, combining these inequalities with Equation (8) yields the
result.

7.4. Bounds of the complexity
In this section we prove Theorems 7.1.19 and 7.1.20. Thanks to Proposition 7.3.10,
it remains to study the asymptotics of p(n) from the tree T . To do so, we define the
minimal and maximal length of the words in each generation of T .

Definition 7.4.1. IfA= {a,b} is a binary alphabet, define ℓi := min
u∈Ti

|u| and Li := max
u∈Ti

|u|.

Recall that ℓi and Li already appeared in Theorem 7.1.10, and that Weakley aimed
to show that Li−1 ≤ ℓi for all i ≥ 1, which would help proving Conjecture 7.0.2. We get
around this difficult task by considering the average length in each Ti and we obtain
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the conjectured lower bound. And for the upper bounds we look for a lower bound of
ℓi .

7.4.1. The lower bound over any alphabet
Let us prove the conjectured lower bound over any binary alphabet, this is Theo-
rem 7.1.19 (i).

Proof of Theorem 7.1.19 (i). The first step is to compute the average length of each gen-

eration of T . For i ≥ 0, set f (i ) :=
Li∑

m=ℓi

mbi (m) = ∑
u∈Ti

|u| where ℓi and Li are defined

in Definition 7.4.1. We define the map

g : T \{ε} −→ T \{ε}

u 7−→P f ,u1

(
D f (u)

)
Also, for i ≥ 1 we define the sets Ti ,a := {u ∈ Ti | u1 = a} and Ti ,b := {u ∈ Ti | u1 = b},
and we are going to show that Ti ,b = g (Ti ,a). First, if u ∈ Ti ,a , then D f (u) ∈ Ti−1 and

D f (u) ∈ Ti−1 so g (u) =P f ,b

(
D f (u)

)
∈ Ti ,b , therefore g (Ti ,a) ⊆ Ti ,b . Symmetrically, if

u ∈ Ti ,b we have g (u) ∈ Ti ,a , and

g (u)) =P f ,b

(
D f

(
P f ,a

(
D f (u)

)))
=P f ,b

(
D f (u)

)
= u,

therefore Ti ,b ⊆ g (Ti ,a). We deduce that f (i ) = ∑
u∈Ti ,a

[|u|+ ∣∣g (u)
∣∣] for all i ≥ 1. Now, for

all u ∈ Ti ,a , we have

|u| = a
∣∣D f (u)

∣∣
a +b

∣∣D f (u)
∣∣
b +2a,∣∣g (u)

∣∣= a
∣∣D f

(
g (u)

)∣∣
a +b

∣∣D f
(
g (u)

)∣∣
b +2a = a

∣∣D f (u)
∣∣
b +b

∣∣D f (u)
∣∣

a +2a.

Moreover, we have D f (Ti ,a) = Ti−1 and |Ti ,a | = 2i−1 for all i ≥ 1. Then, for all i ≥ 0, we
have

f (i +1) = ∑
u∈Ti+1,a

[|u|+ ∣∣g (u)
∣∣]= ∑

u∈Ti+1,a

[
(a +b)

∣∣D f (u)
∣∣+4a

]
= (a +b)

∑
u∈Ti+1,a

∣∣D f (u)
∣∣+ ∑

u∈Ti+1,a

4a = (a +b)
∑

u∈Ti

|u|+4a2i = (a +b) f (i )+4a2i .

Then, with f (0) = 0 and by setting c := 4a
a+b−2 , a quick induction yields

f (i ) = c(a +b)i − c2i (9)

for all i ≥ 0.
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The second step is to compute pi (n) for large enough n. For i ≥ 0, if n < ℓi then
bi (n) = si (n) = pi (n) = 0, and si (ℓi ) = 0. Also, if n > Li then bi (n) = 0 and si (n) = |Ti | =
2i . Then, for all n > Li , we get

pi (n) =
ℓi∑

m=0
si (m)+

Li∑
m=ℓi+1

si (m)+
n−1∑

m=Li+1
si (m) = 0+

Li∑
m=ℓi+1

m−1∑
m′=ℓi

bi (m′)+
n−1∑

m=Li+1
2i

=
Li∑

m=ℓi

(Li −m)bi (m)+ (n −Li −1)2i = Li

Li∑
m=ℓi

bi (m)− f (i )+ (n −Li −1)2i

= Li 2i − c(a +b)i + c2i + (n −Li −1)2i thanks to Equation (9),

which yields
pi (n) = (n + c −1)2i − c(a +b)i (10)

for all n > Li .
The last step is to deduce the lower bound of pC∞

f
(n). If we fix i ≥ 0, we notice that

the function pi :N→N is convex since its second finite difference is bi :N→N, and
Equation (10) states that it is eventually affine, so we deduce that

pi (n) ≥ max
(
0,(n + c −1)2i − c(a +b)i

)
for all i ≥ 0 and all n ≥ 0. Then, for n ≥ 1, the set In := {

i ≥ 0
∣∣ (n + c −1)2i ≥ c(a +b)i

}
satisfies In = J0, jK where j :=

⌊
log(m)

log
(

a+b
2

)
⌋

and m := n+c−1
c ≥ 1, and we get

p(n) =
∞∑

i=0
pi (n) ≥ ∑

i∈In

[
(n + c −1)2i − c(a +b)i

]
=

j∑
i=0

[
cm2i − c(a +b)i

]
≥ c

[
m

(
2 j+1 −1

)
− (a +b) j+1 −1

a +b −1

]
= c

[
m2 j+1 − (a +b) j+1

a +b −1

]
− cm + c

a +b −1

≥ ch( j )−n +1− 4a

a +b −1
≥ ch( j )−n −1 because a +b −1 ≥ 2a

where h(x) = m2x+1 − (a+b)x+1

a+b−1 . The function h : R≥0 → R is derivable and h′(x) =
m2x+1

log(2) − (a+b)x+1

(a+b−1)log(a+b) . We deduce that h is increasing then decreasing, which implies

that h( j ) ≥ min

(
h

(
log(m)

log
(

a+b
2

) −1

)
,h

(
log(m)

log
(

a+b
2

)
))

. Now we compute

h

 log(m)

log
(

a+b
2

) −1

= m2

log(m)

log
(

a+b
2

)
− (a +b)

log(m)

log
(

a+b
2

)
a +b −1

=
[

1− 1

a +b −1

]
mρ
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and

h

 log(m)

log
(

a+b
2

)
= m2

log(m)

log
(

a+b
2

)+1
− (a +b)

log(m)

log
(

a+b
2

)+1

a +b −1
= 2m

log(2)

log
(

a+b
2

)+1
− (a +b)

a +b −1
mρ

=
[

2− a +b

a +b −1

]
mρ =

[
1− 1

a +b −1

]
mρ.

We deduce that p(n) ≥ c
[
1− 1

a+b−1

]
mρ −n −1 for all n ≥ 1. If c ≥ 1, then m ≥ n

c so
Proposition 7.3.10 yields pC∞

f
(n) ≥ c1−ρ [

1− 1
a+b−1

]
nρ for all n ≥ 1. If c < 1, then m ≥ n

so Proposition 7.3.10 yields pC∞
f

(n) ≥ c
[
1− 1

a+b−1

]
nρ for all n ≥ 1.

7.4.2. An upper bound from ℓi

We show here that a lower bound of ℓi provides an upper bound of pC∞
f

(n).

Proposition 7.4.2. Let A= {a,b} be a binary alphabet. If there exists λ> 1, C > 0 and
D ≥ 0 such that ℓi ≥Cλi −D −1 for all i ≥ 0, then we have

pC∞
f

(n) =O (nζ) where ζ= log(2λ)

log(λ)
.

Proof. With the notation introduced in Definition 7.3.9, we have si (n) = 0 if n ≤ ℓi and
si (n) ≤ |Ti | = 2i otherwise, therefore pi (n) ≤ max

(
0,2i (n −ℓi −1)

)
for all i ≥ 0. Now,

for n ≥ max(0,C −D), the set In := {i ≥ 0 | n −ℓi −1 ≥ 0} satisfies In ⊆ J0, jK where

j :=
⌊

log(m)
log(λ)

⌋
and m := n+D

C ≥ 1, and we get

p(n) =
∞∑

i=0
pi (n) ≤ ∑

i∈In

(n −ℓi −1)2i ≤
j∑

i=0
n2i = n2 j+1 −n.

Then, for all n ≥ D , we have j ≤ log(m)
log(λ) and m ≤ 2n

C so

p(n) ≤ 2n2
log(m)
log(λ) −n = 2nm

log(2)
log(λ) −n ≤ 2

(
2

C

) log(2)
log(λ)

nζ−n.

Finally, Proposition 7.3.10 yields pC∞
f

(n) ≤ 6
( 2

C

) log(2)
log(λ) nζ−2n +1 ≤ 6

( 2
C

) log(2)
log(λ) nζ for all

n ≥ max(1,C −D,D).

Now it remains to find the best lower bound of ℓi .

7.4.3. The upper bound over even alphabets
Over even alphabets, ℓi is easy to compute and we deduce the conjectured upper
bound of pC∞

f
(n).

103



7. Complexity of smooth words – 7.4. Bounds of the complexity

Lemma 7.4.3. Let A = {a,b} be an even alphabet and let c := 4a
a+b−2 . Then we have

ℓi = c
(

a+b
2

)i − c for all i ≥ 0.

Proof. Because a and b are even, a quick induction shows that |u|a = |u|b = |u|
2 for

all u ∈ T . We deduce that every word in T has even length, and we showed with
Equation (9) that the average length of words in Ti is c(a +b)i − c2i so we deduce that

ℓi = Li = c
(

a+b
2

)i − c for all i ≥ 0.

Finally, combining Theorem 7.1.19 (i), Proposition 7.4.2 and Lemma 7.4.3 yields
Theorem 7.1.19 (ii).

7.4.4. An upper bound over odd alphabets
Over odd alphabets, we compute the best lower bound of ℓi and deduce a new upper
bound of pC∞

f
(n).

Lemma 7.4.4. Let A= {a,b} be an odd alphabet and let

λ :=
{

1+p2b−1
2 if a = 1,

the dominant root of X 3 − a+b
2 X 2 + (b−a)2

4 otherwise.

Then there exists C > 0 and D ≥ 0 such that ℓi ≥Cλi −D −1 for all i ≥ 0.

Proof. The first step is to show that every word in T has even length. We proceed by
induction on the generation of T : for T0 = {ε} this is trivial, now let i ≥ 0 be such that
every word of Ti has even length. If u ∈ Ti+1, by construction of T there exists v ∈ Ti

such that u =Pu1 (v), which yields |u| = a|v |a +b|v |b +2a. By hypothesis, v has even
length, so |v |a and |v |b are either both even or both odd, and in the two cases |u| is
even.

The second step is to show that ℓi =
∣∣∣P i

f ,a(ε)
∣∣∣ for all i ≥ 0. To do so, we introduce the

following notation: if c ∈A and u = u1...un ∈An , then |u|c,1 (resp. |u|c,0) denotes the
number of ocurrences of the letter c at odd (resp. even) indexes in u. For u ∈A∗, we
define

V (u) :=


|u|a,0

|u|a,1

|u|b,0

|u|b,1

, M :=


a−1

2 0 b−1
2 0

a+1
2 0 b+1

2 0
0 a+1

2 0 b+1
2

0 a−1
2 0 b−1

2

, N :=


a−1

2
a+1

2
a+1

2
a−1

2

 and P :=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

,

and we observe that, for all u ∈A∗ of even length,

V
(
P f ,a(u)

)= M V (u)+N , (11)

V
(
P f ,b(u)

)= P V
(
P f ,a(u)

)
. (12)

We also define ℓ′i := min
u∈Ti

|u|b and ℓ′′i := min
u∈Ti

|u|b,1 for all i ≥ 0. Note that, since every

word of T has even length and each Ti is mirror-invariant, we also have ℓ′′i = min
u∈Ti

|u|b,0.
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Now we show by induction on i that, for all i ≥ 0, ℓi =
∣∣∣P i

f ,a(ε)
∣∣∣, ℓ′i = ∣∣∣P i

f ,a(ε)
∣∣∣
b

and

ℓ′′i =
∣∣∣P i

f ,a(ε)
∣∣∣
b,1

. For i = 0 this is trivial, now let i ≥ 0 be such that the three equalities

hold. Let u ∈ Ti+1, and let c ∈ A and v ∈ Ti be such that u = P f ,c (v). If c = a, by

noticing that |v |a,1 +|v |b,1 = |v |
2 , Equation (11) yields

|u|b,1 =
a −1

2

|v |
2

+ b −a

2
|v |b,1 +

a −1

2
≥ a −1

2

ℓi

2
+ b −a

2
ℓ′′i +

a −1

2
=

∣∣∣P i+1
f ,a (ε)

∣∣∣
b,1

,

|u|b = a
|v |
2

+ (b −a)|v |b,1 +a ≥ a
ℓi

2
+ (b −a)ℓ′′i +a =

∣∣∣P i+1
f ,a (ε)

∣∣∣
b

,

|u| = a|v |+ (b −a)|v |b +2a ≥ aℓi + (b −a)ℓ′i +2a =
∣∣∣P i+1

f ,a (ε)
∣∣∣ .

If c = b, then Equation (12) yields

|u|b,1 =
a +1

2

|v |
2

+ b −a

2
|v |b,0 +

a +1

2
≥ a −1

2

ℓi

2
+ b −a

2
ℓ′′i +

a −1

2
=

∣∣∣P i+1
f ,a (ε)

∣∣∣
b,1

,

|u|b = a
|v |
2

+ (b −a)|v |b,0 +a ≥ a
ℓi

2
+ (b −a)ℓ′′i +a =

∣∣∣P i+1
f ,a (ε)

∣∣∣
b

,

|u| = a|v |+ (b −a)|v |b +2a ≥ aℓi + (b −a)ℓ′i +2a =
∣∣∣P i+1

f ,a (ε)
∣∣∣ .

The last step is to deduce a lower bound of ℓi . First, Equation (11) yields

V
(
P i+1

f ,a (u)
)
= M V

(
P i

f ,a(u)
)
+N

for all i ≥ 0, and a quick induction provides V
(
P i

f ,a(u)
)
=

i−1∑
j=0

M j N for all i ≥ 0. For all

i ≥ 1, we deduce that

ℓi =
∣∣∣P i

f ,a(ε)
∣∣∣= ∥∥∥V

(
P i

f ,a(u)
)∥∥∥

1
≥

∥∥∥M i−1N
∥∥∥

1
(13)

If a = 1, we have M =

 R S

0 b−1
2

 where R :=

0 0 b−1
2

1 0 b+1
2

0 1 0

. Then, for all i ≥ 0

there exists Si ∈R1×3 such that M i =

 R i Si

0
(

b−1
2

)i

 and M i N =
∥∥∥∥∥∥R i

0
1
1

∥∥∥∥∥∥
1

. One can

check that R5 has positive entries so that R is primitive and Perron-Frobenius theorem
states that every entry of R i grows likeΘ(λi ) where λ ∈R+ is the spectral radius of R.

Moreover, the characteristic polynomial of R is (X +1)
(

X 2 −X − b−1
2

)
so we deduce

that λ= 1+p2b−1
2 . With Equation (13), this directly provides C > 0 and D ≥ 0 such that

ℓi ≥Cλi −D −1 for all i ≥ 0.
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If a > 1, one can check that M 2 has positive entries so that M is primitive and
Perron-Frobenius theorem states that every entry of M i grows like Θ(λi ) where
λ ∈ R+ is the spectral radius of M . Moreover, the characteristic polynomial of M

is (X +1)
(

X 3 − a+b
2 X 2 + (b−a)2

4

)
so λ is the dominant root of X 3 − a+b

2 X 2 + (b−a)2

4 . With

Equation (13), this directly provides C > 0 and D ≥ 0 such that ℓi ≥Cλi −D −1 for all
i ≥ 0.

Finally, combining Proposition 7.4.2 and Lemma 7.4.4 yields Theorem 7.1.20.

Remark 7.4.5. Studying ℓi over even alphabets led us to prove the conjectured upper
bound of pC∞

f
(n) thanks to Proposition 7.4.2, but this method appears to be unsufficient

over odd alphabets. Let us explain.

Firstly, over even alphabets ℓi grows like
(

a+b
2

)i
, but over odd alphabets it grows only

like λi so Proposition 7.4.2 cannot provide a better upper bound than nζ.
Secondly, over even alphabets we have ℓi = Li so we immediatly get Li ≤ ℓi+1 for

all i ≥ 0 as suggested by Weakley in [Wea89]. However, this inequality fails over odd
alphabets since Li has a greater growth rate than ℓi : in the same way we proved that ℓi

grows like λi , one can prove that Li grows like r i where r is the spectral radius of MP M
where M and P are defined in the last proof. For example, over {1,3} we have Li > ℓi+1

for all i ≥ 5, starting with L5 = 86 > ℓ6 = 64.
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8. Smooth sequences over even
and odd alphabets

Plus tu y penses, plus t’es inconfortable
Plus t’es inconfortable, plus tu réfléchis.

Adib Alkhalidey
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8. Smooth sequences over even and odd alphabets – 8.1. Preliminaries

In the framework of smooth sequences, we explained in Section 6.1.2 how the fixed
points of the run-length encoding over any even or odd alphabet is morphic with a
primitive substitution. We extrapolate this in Conjecture 6.1.19 where we state that,
over an even or odd alphabet, smooth sequences have a substitutive structure. This
was already used [BJP08] where the authors showed that all smooth sequences over
even or odd alphabets are recurrent, characterized the lexicographic minimal and
maximal smooth sequences and computed their letter frequencies. More recently, in
[Jam+26] the authors use the S-adic behavior of smooth sequences over {1,3} to prove
the existence of frequencies and characterize their letter frequencies.

In this chapter we continue to take advantage of the S-adic structure of smooth
sequences over even and odd alphabets.

• In Theorem 8.1.5 we show that, over any even or odd alphabet, every smooth
sequence is uniformly recurrent.

• In Theorem 8.1.6 we show that, over any even alphabet and any odd alphabet of
the form {a, a +2}, every smooth sequence has linear factor complexity.

• In Theorem 8.1.7 we show that, over some even alphabet and any odd alphabet
of the form {a, a +2}, every smooth sequence has uniform frequencies.

8.1. Preliminaries

8.1.1. S-adic smooth sequences
A dual way to look at smooth sequences is to consider the two canonical pseudo-
reciprocals of the map A, that inspired the notion of r-primitives in Definition 6.1.9.

Definition 8.1.1. Over A= {a,b}, the primitives are the maps

Pa :AN −→ C1 Pb :AN −→ C1

x 7−→ ax0 bx1 ax2 ... x 7−→ bx0 ax1 bx2 ...

We immediatly observe that x =Px0 (D(x)) for all x ∈ C1, and that x =D (Pa(x)) =
D (Pb(x)) for x ∈AN, which yields C∞ =Pa(C∞)∪Pb(C∞).

Inspired by the substitutive construction of Dekking illustrated in Proposition 6.1.17,
we are going to show that, over even or odd alphabets, the set C∞ is conjugated to an
S-adic system with two substitutions. Given a binary alphabet A= {a,b}, we consider
the alphabet Â= {a, a′,b,b′} and the space X := {

x ∈ ÂN
∣∣ x2i ∈ {a,b}, x2i+1 ∈ {a′,b′}

}
.

Then the coding
τ : a 7→ a, a′ 7→ a,b 7→ b,b′ 7→ b

induces a map τ : X →AN that is bijective with reciprocal

τ−1 : AN −→ X

x 7−→ x0(x1)′x2(x3)′...

108



8. Smooth sequences over even and odd alphabets – 8.1. Preliminaries

Now the action of Pa and Pb can be replicated by one substitution each on the
alphabet Â.

Proposition 8.1.2. (i) Given an even alphabet A= {a,b}, we define the substitutions

σa : a 7→ (aa′)
a
2 , a′ 7→ (bb′)

a
2 ,b 7→ (aa′)

b
2 ,b′ 7→ (bb′)

b
2 ,

σb : a 7→ (bb′)
a
2 , a′ 7→ (aa′)

a
2 ,b 7→ (bb′)

b
2 ,b′ 7→ (aa′)

b
2 .

(ii) Given an odd alphabet A= {a,b}, we define the substitutions

σa : a 7→ (aa′)
a−1

2 a, a′ 7→ (b′b)
a−1

2 b′,b 7→ (aa′)
b−1

2 a,b′ 7→ (b′b)
b−1

2 b′,

σb : a 7→ (bb′)
a−1

2 b, a′ 7→ (a′a)
a−1

2 a′,b 7→ (bb′)
b−1

2 b,b′ 7→ (a′a)
b−1

2 a′.

Then, in both cases we have Pc (x) = τ(σc (τ−1(x))) for all x ∈AN and all c ∈A.

Proof. (i) If A= {a,b} is even, we observe that σa(c) = (aa′)
c
2 and σa(c ′) = (bb′)

c
2 for

all c ∈A. Now, if x ∈AN, we have τ−1(x) = x0(x1)′x2(x3)′... so

σa(τ−1(x)) = (aa′)
x0
2 (bb′)

x1
2 (aa′)

x2
2 (bb′)

x3
2 ...

and
τ(σa(τ−1(x))) = ax0 bx1 ax2 bx3 ... =Pa(x).

In the same way we obtain τ(σa(τ−1(x))) =Pb(x).

(ii) If A= {a,b} is odd, we observe that σa(c) = (aa′)
c−1

2 a and σa(c ′) = (b′b)
c−1

2 b′ for
all c ∈A. Now, if x ∈AN, we have τ−1(x) = x0(x1)′x2(x3)′... so

σa(τ−1(x)) = (aa′)
x0−1

2 a(b′b)
x1−1

2 b′(aa′)
x2−1

2 a′(b′b)
x3−1

2 b′...

and
τ(σa(τ−1(x))) = ax0 bx1 ax2 bx3 ... =Pa(x).

In the same way we obtain τ(σb(τ−1(x))) =Pb(x).

We easily deduce that the words with a periodic trace are morphic.

Proposition 8.1.3. Let A= {a,b} be even or odd and let u ∈An where n ≥ 1.
(i) If a ̸= 1 or b ⊏ u, then the smooth sequence E(uω) is the morphic word τ (σ∞(u1))

where σ=σu1 ◦σu2 ◦ ...◦σun .
(ii) We have E(1ω) = 1τ

(
σ∞

b (b)
)
.

Proof. Let x = E(uω). With Proposition 6.1.12 we have Dn(x) = x, and with primitives
it becomes x =Pu1 ◦Pu2 ◦ ...◦Pun (x). Then Proposition 8.1.2 yields x = τ(σ(τ−1(x)))
whereσ :=σu1 ◦σu2 ◦ ...◦σun . We deduce that τ−1(x) is a fixed point of the substitution
σ and that its first term is u1 ∈ Â.

(i) If a ̸= 1 or b ⊏ u, we observe that the letter u1 is prolongeable by σ, so τ−1(x) is
the purely morphic word σ∞(u1).
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(ii) If a = 1 and u = 1n , the letter u1 is not prolongeable byσ but we have x = E(1ω) =
1E(bω) and (i) provides E(bω) = τ(

σ∞
b (b)

)
.

We then derive important properties of these morphic words, which generalizes
Propositions 6.1.17 and 6.1.18.

Corollary 8.1.4. Over an even or odd alphabet A, if x ∈ C∞ and T (x) is eventually
periodic, then x is linearly recurrent and has linear factor complexity.

Proof. Let us first show it when T (x) is periodic. If x ̸= E(1ω), Proposition 8.1.3 (i)
states that x is a morphic word τ(σ∞(c)), and we easily observe that σ is ℓ-primitive
and tame (cf. Section 5.1.2). Then Theorem 5.1.10 states that the subshift Xσ is
minimal and Corollary 5.1.12 states that Xσ is linearly recurrent, so a fortiori the word
σ∞(c) is linearly recurrent. Finally, x remains linearly recurrent by applying the coding
τ.

Now, if T (x) is eventually periodic, this provides n ≥ 0, u ∈An and v ∈A+ such that
T (x) = uvω, so Proposition 8.1.2 yields τ−1(x) =σu1 ◦ ...◦σun (τ−1(E(vω))). Finally, we
already showed that τ−1(E(vω)) is linearly recurrent and the substitutions preserve
the linear recurrence of τ−1(x).

In particular, [DHS99, Theorem 24 i)] states x has at most linear factor complexity,
but Proposition 6.1.6 ensures that x is aperiodic so Theorem 2.2.5 states that it has at
least linear factor complexity.

This contrasts with Remark 6.1.20 where we explained that, over mixed alphabets,
no smooth sequence is expected to be morphic.

8.1.2. New results
In the preparatory Section 8.2, we prove uniform recurrence for all smooth sequences
over even and odd alphabets.

Theorem 8.1.5. Over even and odd alphabets, every smooth sequence is uniformly
recurrent.

We then show that, over all even alphabets and over odd alphabets of the form
{a, a +2}, every smooth sequence has linear factor complexity.

Theorem 8.1.6. (i) Over an even alphabet, every smooth sequence x has the same factor
complexity and satisfies px(n) =Θ(n).

(ii) Over an odd alphabet of the form {a, a +2}, every smooth sequence x satisfies
px(n) =Θ(n).

In the light of Theorem 7.1.18, where we proved that pC∞
f

(n) grows at least like

nρ where ρ > 1, we deduce that these smooth sequences are far from containing all
smooth words. We also obtain unique ergodicity by applying a criterion of [Bos84].
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Theorem 8.1.7. (i) Over an even alphabet A= {a,b} such that a+b
2 a(a +2) > b(b −2),

every smooth sequence x has uniform frequencies.
(ii) Over an odd alphabet A= {a, a +2}, every smooth sequence x has uniform fre-

quencies.

Example 8.1.8. Theorem 8.1.7 (i) applies to all even alphabets of the form {a, a +2}. It
also applies to {2,4}, {2,6}, {4,6}, {4,8} and {6,8}, but not to {2,8}.

8.2. Occurrences in smooth sequences
This section provides mostly technical lemmas that are crucial in understanding the
combinatorial properties of the factors of smooth sequences, which lead in particular
to proving uniform recurrence. We first show how occurrences in a smooth sequence
are connected to occurrences in its derivative or in its primitives, then we introduce
the useful almost-short words, we study how the factors of smooth sequences behave
under complementation and finally we prove Theorem 8.1.5.

8.2.1. Occurrences in derivatives
We first introduce key notations.

Definition 8.2.1. If x ∈AN and u ∈An , recall that u occurs with bounded gaps in x if
it occurs infinitely often and the gap between two consecutive occurrences is bounded,
and in that case we write u ≺ x.

Also, a word u ∈An occurs at an even (resp. odd) position in x if there exists an even
(resp. odd) index i ≥ 0 such that x[i ,i+n[ = u, and we say that u occurs at both parities in
x if it occurs at both at an even and an odd position in x.

Moreover, we say that u occurs with bounded gaps at both parities in x if it has
infinitely many occurrences at even and odd positions in x and the gap between two
consecutive occurrences at the same parity is bounded. In that case we write u ≪ x.

Also, recall that the complementation u of a word u ∈A∗ swaps the two letters.
The next lemma describes how occurrences in a smooth sequence are connected to
occurrences in its derivative.

Lemma 8.2.2. Let A= {a,b} be a binary alphabet, let x ∈ C∞ and let u ∈ C∞
f .

(i) If u ⊏ x and u ⊏ x, then D f (u) occurs at both parities in D(x).
(ii) If D f (u) occurs in D(x) not as a prefix, then either u or u occurs in x.
(iii) If D f (u) occurs at both parities in D(x) not as a prefix, then u ⊏ x and u ⊏ x.
(iv) If D f (u) ≺D(x), then u ≺ x or u ≺ x.
(v) If D f (u) ≪D(x), then u ≺ x and u ≺ x.

Proof. (i) If u = ε this is trivial, otherwise let u = ap1
1 ...apn

n with n ≥ 1. If p1 ≤ a, set v
(resp. v ′) as the element of {u,u} that starts with x0 (resp. with x0). If v ⊏ x, there
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exists i ≥ 0 such that x = x0
y0 x0

y1 ...x0
y2i x0

p2 xp3
0 ... so

D(x) = y0 y1...y2i p2p3... = y0 y1...y2iD f (u)...,

which means that D f (u) occurs at an odd position in D(x). Similarly, if v ′ ⊏ x, there
exists i ≥ 0 such that x = x0

y0 x0
y1 ...x0

y2i+1 x0
p2 x0

p3 ... so

D(x) = y0 y1...y2i+1p2p3... = y0 y1...y2i+1D f (u)...,

which means that D f (u) occurs at an even position in D(x). If p1 > a, similar argu-
ments yield the same result.

(ii)(iii) If u = ε this is trivial. Otherwise let u = ap1
1 ...apn

n with n ≥ 1 and suppose
that p1 ≤ a and pn ≤ a. With the fact that x = x0

y0 x0
y1 x0

y2 x0
y3 ... where y :=D(x), we

deduce that each non-prefix occurrence of D f (u) = p2...pn−1 in y at an even position
gives rise to a different non-prefix occurrence in x of the word v := bp2

2 ...bpn−1
n−1 where

b2 = x0. Furthermore, each such occurrence of v is included in a different occurrence
of the word w := bp1

1 bp2
2 ...bpn−1

n−1 bpn
n where b1 = x0 and bn = bn−1. Similarly, each

occurrence of D f (u) at an odd position gives rise to a different occurrence of the word
v in x, that is included in a different occurrence of the word w in x. Finally, observing
that {w, w} = {u,u} yields the result, and we treat the three other cases (p1 ≤ a and
pn > a; p1 > a and pn ≤ a; p1 > a and pn > a) with the same arguments.

(iv)(v) Following the proof of (ii) and (iii), it suffices to observe that the gap between
two occurrences of w (resp. w) in x is at most b times the gap between the two
associated non-prefix occurrences of D f (u) in D(x).

8.2.2. Almost-short words
Definition 8.2.3. A word u ∈A∗ is almost-short if it is of the form cn where c ∈A and
n ∈ J0,b−1K, otherwise it is almost-long. In particular, every almost-short word is short.

We show that almost-short words occur very regularly in smooth sequences.

Lemma 8.2.4. Let A = {a,b} be an even or odd alphabet, and let x ∈ C∞. If a ̸= 1 or
D(x) ∉ {

E((1b)ω),E((b1)ω)
}
, and u ∈A∗ is almost-short, then u ≪ x.

Proof. Let u = cn with c ∈A and n ∈ J0,b −1K.
If a ̸= 1, we have D(x) ∈ C1 so necessarily b ≺D(x), and every occurrence of b is

preceded or followed by another occurrence of b because a ≥ 2, so b ≪D(x). Then
Lemma 8.2.2 (v) ensures that cb ≺ x. In particular, because cn occurs with both parities
in cb , we get that cn ≪ x.

If a = 1 and D(x) ∉ {
E((1b)ω),E((b1)ω)

}
, we will use the substitutive formalism

introduced in Section 8.1.1. Let us first observe that the condition on D(x) means that
either 11 ⊏ T (D(x)) or bb ⊏ T (D(x)). If 11 ⊏ T (D(x)), let us write T (D(x)) = u11c y
with u ∈An , n ≥ 0, c ∈A and y ∈AN. In particular, we have

D(x) =Pu1 ◦ ...◦Pun ◦P2
1 ◦Pc (E(y))
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and Proposition 8.1.2 yields

τ−1(D(x)) =σu1 ◦ ...◦σun ◦σ2
1 ◦σc

(
τ−1 (

E(y)
))

.

In particular, E(y) ∈ C∞ so b ≺ τ−1
(
E(y)

)
or b′ ≺ τ−1

(
E(y)

)
. By observing that 1′ ⊏σc (b)

and b′ ⊏ σc (b′) if c = 1, or b′ ⊏ σc (b) and 1′ ⊏ σc (b′) if c = b, we deduce that 1′ ≺
σc

(
τ−1

(
E(y)

))
or b′ ≺ σc

(
τ−1

(
E(y)

))
. Then, by observing that b,b′ ⊏ σ2

1(1′) and
b,b′ ⊏ σ2

1(b′), we deduce that b ≺ σ2
1 ◦σc

(
τ−1

(
E(y)

))
and b′ ≺ σ2

1 ◦σc
(
τ−1

(
E(y)

))
.

By observing that b,b′ ⊏σ1(b′) and b,b′ ⊏σb(b), we deduce that b ≺ τ−1(D(x)) and
b′ ≺ τ−1(D(x)), which implies that ab ≺ x and bb ≺ x. Finally, because cn occurs with
both parities in cb , we deduce that cn ≪ x. If bb ⊏ T (D(x)), similar arguments yield
the result.

Then, combining Lemma 8.2.4 and Lemma 8.2.2 (v) directly yields the following
result.

Corollary 8.2.5. Let A= {a,b} be an even or odd alphabet and let x ∈ C∞. If a ̸= 1 or
D2(x) ∉ {

E((1b)ω),E((b1)ω)
}

and u ∈ C∞
f is such that D f (u) is almost-short, then u ≺ x.

Remark 8.2.6. The four pathological words that satisfy D(x) ∈ {
E((1b)ω),E((b1)ω)

}
are

E((1b)ω), E((b1)ω), E(1(1b)ω) and E(b(b1)ω). They must be treated separately because
the first two do not contain the word bb (cf. Example 7.1.7) and the other two do not
contain the word 11.

8.2.3. Complementation of factors
This is where we start to see why smooth sequences over even and odd alphabets have
much less factors than C∞

f .

Lemma 8.2.7. Let x ∈ C∞ over an alphabet A= {a,b}.
(i) If A is even, then the words x0x0 and x0x0 occur only at odd positions in x.
(ii) If A is odd, then the word x0x0 occurs only at even positions and the word x0x0

occurs only at odd positions in x.

Proof. It suffices to consider the canonical factorization x = x0
p0 x0

p1 x0
p2 x0

p3 ... and
to observe that pi +pi+1 is always even.

We deduce that the factors of smooth sequences over even and odd alphabets
behave badly under complementation.

Proposition 8.2.8. Let x ∈ C∞ over an even or odd alphabet A= {a,b}. If u ∈A∗ is such
that D f (u) is almost-long, then u ̸⊏ x or u ̸⊏ x.

Proof. Let u ∈A∗ be such that D f (u) is almost-long and suppose that u ⊏ x and u ⊏ x.
Then Lemma 8.2.2 (i) ensures that D f (u) occurs at both parities in D(x). If D f (u) = ab ,
any occurrence of ab is followed by the letter b so the word abb occurs at both parities
in D(x), which contradicts Lemma 8.2.7 (i). If D f (u) = bb , the same argument leads to
the same contradiction. If ∥D f (u)∥ ≥ 2, we have ab ⊏D f (u) or ba ⊏D f (u) so ab or
ba occurs at both parities in D(x), which contradicts Lemma 8.2.7.
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8.2.4. Uniform recurrence
We now have all the tools to prove Theorem 8.1.5.

Proof of Theorem 8.1.5. Let A = {a,b} be an even or odd alphabet. We are going to
show that, for every n ≥ 0 and all x ∈ C∞, every word u ∈ L (x)∩An satisfies u ≺ x.
We proceed by induction on n: if n = 0 this is trivial. Now let n ≥ 0 be such that, for
all x ∈ C∞ and all m ≤ n, every word of L (x)∩Am satisfies u ≺ x. Let x ∈ C∞ and
u ∈L (x)∩An+1.

If D f (u) is almost-short, and a ̸= 1 or D2(x) ∉ {
E((1b)ω),E((b1)ω)

}
, Corollary 8.2.5

states that u ≺ x.
If D f (u) is almost-short, a = 1 and D2(x) ∈ {

E((1b)ω),E((b1)ω)
}
, Proposition 6.1.12

yields S2(T (x)) ∈ {
(1b)ω, (b1)ω

}
, in particular T (x) is eventually periodic so Corol-

lary 8.1.4 states that x is linearly recurrent and a fortiori u ≺ x.
If D f (u) is almost-long, we have D f (u) ∈L (D(x)) and

∣∣D f (u)
∣∣< |u| = n +1 so, by

hypothesis, D f (u) ≺ D(x). Now Lemma 8.2.2 (iv) ensures that u ≺ x or u ≺ x, but
Proposition 8.2.8 ensures that u ̸⊏ x.

8.3. Factor complexity over even alphabets
In this section we prove Theorem 8.1.6 (i) and Theorem 8.1.7 (i). We begin by exhibit-
ing some forbidden and mandatory factors of smooth sequences, which greatly helps
describing the bispecial factors of smooth sequences. We then deduce that all smooth
sequences have the same factor complexity, which yields linear factor complexity. Fi-
nally we compute their factor complexity more precisely and obtain unique ergodicity
when the complexity is sufficiently low.

8.3.1. Forbidden and mandatory factors
In addition to Corollary 8.2.5, we give another lemma that will greatly help finding if a
finite word occurs in a smooth sequence or not.

Lemma 8.3.1. If x ∈ C∞ over an even alphabet A= {a,b}, we define the forbidden words

f1 := x0
a+1x0

a x0, f2 := x0x0
a x0

a+1,

f3 := x0
[
x0

a x0
a] b

2 x0, f4 := x0
a+1

[
x0

b x0
b
] b−2

2
x0

a+1.

Now, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that fi ⊏ u, then u ̸⊏ x.

Proof. It suffices to show that fi ̸⊏ x for all i ∈ {1,2,3,4}.
If f1 ⊏ x, this provides i ≥ 0 such that x = x0

p0 x0
p1 ...x0

p2i−1 x0
b x0

a x0
p2i+2 ... and

D(x) = p0p1...p2i−1ba... which contradicts Lemma 8.2.7 (i).
If f2 ⊏ x, this provides i ≥ 0 such that x = x0

p0 x0
p1 ...x0

p2i−1 x0
a x0

b x0
p2i+2 ... and

D(x) = p0p1...p2i−1ab... which contradicts Lemma 8.2.7 (i).
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If f3 ⊏ x, this provides i ≥ 0 such that x = x0
p0 x0

p1 ...x0
p2i

[
x0

a x0
a
] b

2 x0
p2i+b+1 ...

Then, if p2i = b this contradicts Lemma 8.2.7 (i), and if p2i = a we have D(x) =
p0p1...p2i−1ab+1p2i+b+1... ∉ C1.

If f4 ⊏ x, this provides i ≥ 0 such that x = x0
p0 x0

p1 ...x0
p2i

[
x0

b x0
b
] b

2
x0

p2i+b+1 ...

Then, if p2i = a this contradicts Lemma 8.2.7 (i), and if p2i = b we have D(x) =
p0p1...p2i−1bb+1p2i+b+1... ∉ C1.

Lemma 8.3.2. If x ∈ C∞ over an even alphabet A, we define the mandatory words

m1 := x0
a+1 [

x0
a x0

a] b
2 x0

a+1, m2 := x0
a+1 [

x0
a x0

a] a
2 x0

a+1,

m3 := x0x0
a
[

x0
b x0

b
] b

2
x0

a x0, m4 := x0x0
a
[

x0
b x0

b
] a

2
x0

a x0.

Now, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that u ⊏mi , then u ⊏ x.

Proof. It suffices to show that mi ⊏ x for all i ∈ {1,2,3,4}.
D f (babb) = b is almost-short so Corollary 8.2.5 states that babb ⊏ D(x). More-

over, Theorem 8.1.5 implies that D f (m1) = babb occurs not as a prefix in D(x) so
Lemma 8.2.2 (ii) states that m1 ⊏ x or m1 ⊏ x, but we notice that f1 ⊏p m1 so
Lemma 8.3.1 states that m1 ̸⊏ x.

Similarly, we have D f (baab) = a, D f (m2) = baab and f1 ⊏p m2 so m2 ⊏ x.
Similarly, we have D f (abb a) = b, D f (m3) = abb a and f2 ⊏p m3 so m3 ⊏ x.
Similarly, we have D f (aba a) = a, D f (m4) = aba a and f2 ⊏p m4 so m4 ⊏ x.

8.3.2. Bispecial factors
We first describe the short bispecial factors over even alphabets. Next we show that
long bispecial factors can be traced back to first-long bispecial factors, and we con-
clude by describing the first-long bispecial factors.

8.3.2.1. Short bispecial factors

Lemma 8.3.3. Let x ∈ C∞ over an even alphabet A = {a,b}. Then the short strong
bispecial factors of x are ε, aa and ba ; and the short weak bispecial factors of x are ab−1

and bb−1.

Proof. Let u be a short word over A, i.e., u = cn with c ∈A and n ∈ J0,bK. If u ∈A∗ has
an almost-short finite-derivative, abbreviated a.s.d., then Corollary 8.2.5 ensures that
u ⊏ x.
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ccnc ccnc ccnc ccnc type of cn

n = 0 ⊏ x ⊏ x ⊏ x ⊏ x strong
n ∈ J1, a −1K a.s.d. a.s.d. a.s.d. ∉ C∞

f neutral

n = a a.s.d. a.s.d. a.s.d. a.s.d. strong
n ∈ Ja +1,b −2K a.s.d. a.s.d. a.s.d. ∉ C∞

f neutral

n = b −1 ∉ C∞
f a.s.d. a.s.d. ∉ C∞

f weak

n = b ∉ C∞
f ∉ C∞

f ∉ C∞
f a.s.d. not bispecial

8.3.2.2. Long bispecial factors

We begin with a very similar result to Lemma 7.3.5.

Lemma 8.3.4. Let A= {a,b} be an even alphabet. Let x ∈ C∞ and let u be a bispecial
factor of x.

(i) If D f (u) is long, then u =P f ,x0

(
D f (u)

)
and D f (u) is a bispecial factor of D(x), of

the same type.
(ii) If u is long and c ∈A, then P f ,c (u) is a bispecial factor of Pc (x), of the same type.

Proof. (i) We first observe that u is also long, so let ap1
1 ...apn

n be the canonical factor-
ization of u, where n = ∥u∥ ≥ 2. u is a bispecial factor of x so a fortiori it is a bispecial
word of C∞

f and Lemma 7.3.5 (i) states that u =P f ,u1

(
D f (u)

)
.

Now we show that v :=P f ,x0 (D f (u)) is not a bispecial factor of x. If p2 = a, we notice
that f1 ⊏ x0v so Lemma 8.3.1 states that x0v ̸⊏ x; but if p2 = b we notice that f2 ⊏ x0v
so Lemma 8.3.1 states that x0v ̸⊏ x. Therefore u1 = x0.

For the type we show four equivalences:

a1uan ⊏ x ⇐⇒ bD f (u)b ⊏D(x) (14)

a1uan ⊏ x ⇐⇒ bD f (u)a ⊏D(x) (15)

a1uan ⊏ x ⇐⇒ aD f (u)b ⊏D(x) (16)

a1uan ⊏ x ⇐⇒ aD f (u)a ⊏D(x) (17)

For (14) we observe that a1uan = aa+1
1 ap2

2 ...apn−1
n−1 aa+1

n ∈ C1
f andD f (a1uan) = bp2...pn−1b =

bD f (u)b so a1uan ⊏ x =⇒ bD f (u)b ⊏D(x). Conversely, if bD f (u)b ⊏D(x), The-
orem 8.1.5 ensures that bD f (u)b occurs not as a prefix in D(x) so Lemma 8.2.2 (ii)
states that a1uan ⊏ x or a1uan ⊏ x, but Proposition 8.2.8 ensures that u ̸⊏ x so we
have a1uan ⊏ x. Finally, the proofs of (15), (16) and (17) are similar.

Now we have a1u ⊏ x because u is bispecial in x, so either a1uan ⊏ x or a1uan ⊏ x,
and then (14) and (15) yield bD f (u)⊏ x. Similarly we show that aD f (u), D f (u)a and
D f (u)b ⊏ x, which means that D f (u) is bispecial in x. Finally, (14), (15), (16) and (17)
ensure that D f (u) has the same type as u.

(ii) We have D f
(
P f ,a(u)

) = u ⊏ x so Lemma 8.2.2 (ii) states that P f ,a(u) ⊏ Pc (x)

or P f ,b(u) = P f ,a(u) ⊏ Pc (x), which provides d ∈ A such that P f ,d (u) ⊏ Pc (x). In
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particular, D f
(
P f ,d (u)

)= u is long so (14), (15), (16) and (17) hold for P f ,d (u) and the
same arguments as in (i) yield that d = c and P f ,d (u) is bispecial in Pc (x), of the same
type as u.

We deduce that any long bispecial factor u of x can be traced back to a long bispecial
factor v of Dn(x) such that D f (v) is short, with the same type in their respective
smooth sequence.

Definition 8.3.5. If a word u is long but D f (u) is short, we call u a first-long bispecial
word.

If a word u is long bispecial in a smooth sequence x, let us define the degree of u to be
the first integer n ≥ 0 such that Dn

f (u) is a first-long bispecial in Dn(x), and in that case

we call Dn
f (u) the root of u. In particular, Lemma 8.3.4 (i) ensures that u has the same

type as its root.

Definition 8.3.6. If u ∈A∗, y ∈AN and n ≥ 0, we define the word P f ,y,n(u) :=P f ,y0 ◦
P f ,y1 ...◦P f ,yn−1 (u), with the convention that P f ,y,0(u) := u.

With the previous notations, Lemma 8.3.4 yields a characterization of the long
bispecial factors over even alphabets.

Lemma 8.3.7. Let x ∈ C∞ over an even alphabet A and let y := T (x). Then the long
bispecial factors of degree n of x are the words P f ,y,n(u) where u is a first-long bispecial
factor of Dn(x), and they have the same type in x as their root u in Dn(x).

Proof. First, Lemma 8.3.4 (ii) ensures that the words of this form are long bispecial of
degree n in x. To show the converse, we proceed by induction on n. If n = 0, this is
trivial. Let n ≥ 0 be such that, for all x ∈ C∞, for all long bispecial factor u of x of degree
n and of root v , then u =P f ,y,n(v) where y = T (x). Now let x ∈ C∞ and let u be a long
bispecial factor of degree n +1 in x. In particular, v :=D f (u) is long so Lemma 8.3.4
(i) states that u = P f ,x0 (v) and that v is a long bispecial factor of D(x), of degree n.

By hypothesis, v =P f ,y,n(w) where w is the root of v and y = T (D(x)). We now have

u =Px0

(
P f ,y,n(w)

)
, and by noticing that w is also the root of u and that T (x) = x0 y ,

we obtain the desired result.

It remains to identify the first-long bispecial factors and their type.

8.3.2.3. First-long bispecial factors

If x ∈ C∞ and u ∈A∗ is a first-long bispecial factor of x, a fortiori it is bispecial in
C∞

f so Lemma 7.3.5 (i) states that u =P f ,u1

(
D f (u)

)
and that D f (u) is a bispecial C∞

f

word. Also, D f (u) is short but ab and bb are not bispecial in C∞
f so D f (u) must be

almost-short. This means that the first-long bispecial factors of x are of the form
P f ,d (cn) where c,d ∈A and n ∈ J0,b −1K. Now we are ready to describe the first-long
bispecial factors and their type.
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Lemma 8.3.8. Let x ∈ C∞ over an even alphabet A= {a,b}.
(i) If a = b−2, thenP f ,x0 (ε) is the unique first-long strong bispecial factor of x; P f ,x0 (ε)

is the unique first-long weak bispecial factor of x.
(ii) If a < b−2, thenP f ,x0 (ε),P f ,x0 (aa) andP f ,x0 (ba) are the first-long strong bispecial

factors of x; P f ,x0 (ε), P f ,x0 (ab−2) and P f ,x0 (bb−2) are the first-long weak bispecial
factors of x.

Proof. For c,d ∈A and n ∈ J0,b−1K, we check the bi-extensions of the first-long word
P f ,d (cn) in x.

By setting u :=P f ,x0 (ε) = x0
a x0

a , we have x0ux0 = f1, x0ux0 ⊏m3, x0ux0 ⊏m1 and
x0ux0 = f2, so with Lemmas 8.3.1 and 8.3.2 we deduce that P f ,x0 (ε) is a weak bispecial
factor of x.

By setting u := P f ,x0 (ε) = x0
a x0

a , we have x0ux0 ⊏ m1, x0ux0 ⊏ m1, x0ux0 ⊏ m3

and x0ux0 ⊏m1, so with Lemmas 8.3.1 and 8.3.2 we deduce that P f ,x0 (ε) is a strong
bispecial factor of x.

We show that P f ,x0 (cn) is not a bispecial factor of x if n ≥ 1. The proof is the same
as in Lemma 8.3.4 (i). Also, we show that P f ,x0 (cn) is not a bispecial factor of x if n is
odd. If n is odd, we have u :=P f ,x0 (cn) = x0

a x0
c x0

c ...x0
c x0

a . If c = a, we notice that f2

is a suffix of v x0 so Lemma 8.3.1 states that v x0 ̸⊏ x; but if c = b we notice that f1 is a
suffix of v x0 so Lemma 8.3.1 states that v x0 ̸⊏ x.

It remains to check the first-long words P f ,x0 (cn) when n is even, n ∈ J2,b −2K and
c ∈A.

By setting u :=P f ,x0 (an) = x0
a [

x0
a x0

a] n
2 x0

a , with Lemmas 8.3.1 and 8.3.2 we de-
duce the bi-extensions of u in x and the type of u in x:

x0ux0 x0ux0 x0ux0 x0ux0 type of u

n ∈ J2, a −2K ⊏m1 ⊏m1 ∉ C∞
f ⊏m1 neutral

n = a = b −2 ⊏m1 = f3 = m2 ⊏m1 neutral
n = a < b −2 ⊏m1 ⊏m1 = m2 ⊏m1 strong
n ∈ Ja +2,b −4K ⊏m1 ⊏m1 ∉ C∞

f ⊏m1 neutral

n = b −2 > a ⊏m1 = f3 ∉ C∞
f ⊏m1 weak

Similarly, by setting v :=P f ,x0 (bn) = x0
a
[

x0
b x0

b
] n

2
x0

a , with Lemmas 8.3.1 and 8.3.2

we deduce the bi-extensions of v in x and the type of v in x:

x0v x0 x0v x0 x0v x0 x0v x0 type of v

n ∈ J2, a −2K ⊏m3 ∉ C∞
f ⊏m3 ⊏m3 neutral

n = a = b −2 ⊏m3 = m4 = f4 ⊏m3 neutral
n = a < b −2 ⊏m3 = m4 ⊏m3 ⊏m3 strong
n ∈ Ja +2,b −4K ⊏m3 ∉ C∞

f ⊏m3 ⊏m3 neutral

n = b −2 > a ⊏m3 ∉ C∞
f = f4 ⊏m3 weak
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8.3.3. Computation of the factor complexity
Finally, combining Lemmas 8.3.3, 8.3.7 and 8.3.8 yields the description of the strong
and weak bispecial factors of any smooth sequence.

Proposition 8.3.9. Let A= {a,b} be an even alphabet. Let x ∈ C∞ and set y := T (x).
(i) If a = b − 2, then the strong bispecial factors of x are ε, aa , ba and the words

P f ,y,n+1(ε) for n ≥ 0; and the weak bispecial factors of x are aa+1, ba+1 and the words
P f ,y,n

(
P f ,yn (ε)

)
for n ≥ 0.

(ii) If a < b − 2, then the strong bispecial factors of x are ε, aa , ba and the words
P f ,y,n+1 (ε), P f ,y,n+1 (aa) and P f ,y,n+1 (ba) for n ≥ 0; and the weak bispecial factors of
x are ab−1, bb−1 and the words P f ,y,n

(
Pyn (ε)

)
, P f ,y,n+1

(
ab−2

)
and P f ,y,n+1

(
bb−2

)
for

n ≥ 0.

We then study the length of the primitives.

Lemma 8.3.10. Let A = {a,b} be an even alphabet. If u ∈ A∗ has even length and
y ∈AN, then the sequence (ℓn)n≥0 := (∣∣P f ,y,n+1(u)

∣∣)
n≥0 satisfies{

ℓ0 = a|u|a +b|u|b +2a

ℓn+1 = a+b
2 ℓn +2a for all n ≥ 0.

Proof. Let us first observe that, if v ∈A∗ and c ∈A, then
∣∣P f ,c (v)

∣∣= a|v |a +b|v |b +2a,
which already provides the formula for ℓ0. Also, if v has even length, then

∣∣P f ,c (v)
∣∣

a =∣∣P f ,c (v)
∣∣
b . We then obtain by immediate induction that

∣∣P f ,y,n+1(u)
∣∣

a = ∣∣P f ,y,n+1(u)
∣∣
b

for all n ≥ 0. Finally, with the initial observation we have

ℓn+1 = a
∣∣P f ,y,n+1(u)

∣∣
a +b

∣∣P f ,y,n+1(u)
∣∣
b +2a

= a

∣∣P f ,y,n+1(u)
∣∣

2
+b

∣∣P f ,y,n+1(u)
∣∣

2
+2a

= a +b

2
ℓn +2a

for all n ≥ 0.

This allows to show that all smooth sequences over an even alphabet have the same
factor complexity, which yields linear complexity, this is Theorem 8.1.6 (i).

Proof of Theorem 8.1.6 (i). Let A = {a,b} be an even alphabet and let x ∈ C∞. Then
Lemma 8.3.10 implies that the lengths of the bispecial factors of x P f ,y,n+1(ε),P f ,y,n

(
P f ,yn (ε)

)
(and P f ,y,n+1 (aa), P f ,y,n+1 (ba), P f ,y,n+1

(
ab−2

)
and P f ,y,n+1

(
bb−2

)
if a < b −2) do not

depend on y := T (x), i.e., they do not depend on x. With Theorem 6.2.2 this means
that the second finite difference b(n) does not depend on x, which implies that every
smooth sequence has the same factor complexity. Finally, Corollary 8.1.4 provides
smooth sequences x that satisfy px(n) =Θ(n).
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8.3.4. Unique ergodicity
In fact, Lemma 8.3.10 allows to precisely compute the length of the bispecial factors,
and consequently the factor complexity. In particular, under a numerical condition

on the alphabet, we are able to show that limsup
n→∞

px(n)

n
< 3, which implies unique

ergodicity thanks to [Bos84, Theorem 1.5], this is Theorem 8.1.7 (i).

Proof of Theorem 8.1.7 (i). Let A= {a,b} be an even alphabet such that a+b
2 a(a +2) >

b(b −2) and let x ∈ C∞.
If a = b −2, Lemma 8.3.10 implies that the bispecial factors of x P f ,y,n+1(ε) and

P f ,y,n
(
P f ,yn (ε)

)
have the same length for all n ≥ 0. Because they have opposite type,

their contributions to the factor complexity in Theorem 6.2.2 cancel each other, leaving
only the contribution of the bispecial factors ε, aa , ba , aa+1 and ba+1. We deduce that

b(n) =



1 if n = 0

0 if n ∈ J1, a −1K
2 if n = a

−2 if n = a +1

0 if n ≥ a +2 = b

, s(n) =


1 if n = 0

2 if n ∈ J1, aK
4 if n = a +1

2 if n ≥ a +2 = b

and

px(n) =


1 if n = 0

2n if n ∈ J1, a +1K
2n +2 if n ≥ a +2 = b

.

In particular, we have limsup
n→∞

px(n)

n
= 2 < 3 so [Bos84, Theorem 1.5] yields the result.

If a < b −2, we compute the values of s(n) by ordering the lengths of the bispecial
factors of x provided by Proposition 8.3.9 (ii) with y := T (x). The ordering of the
lengths of the short bispecial factors is the following:

|ε| = 0 < ∣∣aa
∣∣= ∣∣ba

∣∣= a <
∣∣∣ab−1

∣∣∣= ∣∣∣bb−1
∣∣∣= b −1. (18)

As when a = b−2, the contributions of the bispecial factorsP f ,y,n+1(ε) andP f ,y,n
(
P f ,yn (ε)

)
cancel each other. Let us introduce notations for the lengths of the other long bispecial
factors: for n ≥ 0, we set

pn := ∣∣P f ,y,n+1
(
aa)∣∣ , qn :=

∣∣∣P f ,y,n+1

(
ab−2

)∣∣∣ , rn := ∣∣P f ,y,n+1
(
ba)∣∣ , sn :=

∣∣∣P f ,y,n+1

(
bb−2

)∣∣∣ .

In particular, Lemma 8.3.10 and the numerical conditions on a and b yield the ordering

p0 = a(a +2) < q0 = ab < r0 = a(b +2) < s0 = b(b −2)+2a < p1 = a +b

2
a(a +2)+2a.

(19)
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Moreover, Lemma 8.3.10 states that the four sequences (pn)n≥0, (qn)n≥0, (rn)n≥0 and
(sn)n≥0 satisfy the recurrence relation ℓn+1 = a+b

2 ℓn +2a, so an immediate induction
yields pn < qn < rn < sn < pn+1 for all n ≥ 0. Finally, to link Equation (18) and Equa-
tion (19), we have a < b − 2 so a ≤ b − 4 and a+b

2 ≤ b − 2, and then the numerical
condition on a and b yields a(a+2) > 2

a+b b(b−2) ≥ b > b−1. We deduce the complete
ordering of the length of bispecial factors of x:

|ε| < ∣∣aa
∣∣= ∣∣ba

∣∣< ∣∣∣ab−1
∣∣∣= ∣∣∣bb−1

∣∣∣< p0 < q0 < r0 < s0 < p1 < q1 < r1 < s1 < ...

With the fact that the numbers pn and rn (resp. qn and sn) are each the length of a
single strong (resp. weak) bispecial factor of x, we compute the values of s(n):

s(n) =


1 if n = 0

2 if n ∈ J1, aK
4 if n ∈ Ja +1,b −1K
2 if n ∈ Jb, p0K

and s(n) =


3 if n ∈ Jpk +1, qkK
2 if n ∈ Jqk +1,rkK
3 if n ∈ Jrk +1, skK
2 if n ∈ Jsk +1, pk+1K

for some k ≥ 0.

Finally, because the four sequences (pn)n≥0, (qn)n≥0, (rn)n≥0 and (sn)n≥0 satisfy the re-
currence relation ℓn+1 = a+b

2 ℓn+2a, the lengths of the intervals Jpk+1, qkK, Jqk+1,rkK,

Jrk +1, skK, Jsk +1, pk+1K satisfy the recurrence relation ℓk+1 = a+b
2 ℓk . In particular,

s(n) is equal to 2 with non-zero proportion, which implies that limsup
n→∞

px(n)

n
< 3 so

[Bos84, Theorem 1.5] yields the result.

Remark 8.3.11. On the contrary, a+b
2 a(a +2) < b(b −2) (it cannot be equal), similar

computations yield 3 < limsup
n→∞

px(n)

n
< 4 for all x ∈ C∞ so Boshernitzan criterion for

unique ergodicity cannot be applied.

8.4. Factor complexity over odd alphabets
In this section we prove Theorem 8.1.6 (ii) and Theorem 8.1.7 (ii). We proceed exactly
like Section 8.3.

8.4.1. Forbidden and mandatory factors
In addition to Corollary 8.2.5, we give another lemma that will greatly help finding if a
finite word occurs in a smooth sequence or not.

Lemma 8.4.1. If x ∈ C∞ over an odd alphabet A= {a,b}, we define the forbidden words

f1 := x0x0
a x0

a+1, f2 := x0
a+1x0

a x0,

f3 := x0
[
x0

a x0
a] b−1

2 x0
a x0, f4 := x0

a+1
[

x0
b x0

b
] b−3

2
x0

b x0
a+1.
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(i) If D(x)0 = a, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that fi ⊏ u, then u ̸⊏ x.
(ii) If D(x)0 = b, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that fi ⊏ u, then u ̸⊏ x.

Proof. (i) As D(x)0 = a, Lemma 8.2.7 (ii) states that ab occurs only at even positions
in D(x) and ba occurs only at odd positions in D(x). It suffices to show that fi ̸⊏ x for
all i ∈ {1,2,3,4}.

If f1 ⊏ x, this provides i ≥ 0 such that x = x0
p0 x0

p1 ...x0
p2i x0

a x0
b ... and D(x) =

p0p1...p2i ab... which contradicts Lemma 8.2.7 (ii).
If f2 ⊏ x, this provides i ≥ 0 such that x = x0

p0 x0
p1 ...x0

p2i−1 x0
b x0

a x0
p2i+2 ... and

D(x) = p0p1...p2i−1ba... which contradicts Lemma 8.2.7 (ii).

If f3 ⊏ x, this provides i ≥ 0 such that x = x0
p0 x0

p1 ...x0
p2i

[
x0

a x0
a
] b−1

2 x0
a x0

p2i+b+1 ...
and D(x) = p0...p2i ab p2i+b+1... Then, if p2i = b this contradicts Lemma 8.2.7 (i), and
if p2i = a we have D(x) ∉ C1.

If f4 ⊏ x, this provides i ≥ 0 such that x = x0
p0 x0

p1 ...x0
p2i−1

[
x0

b x0
b
] b−1

2
x0

b x0
p2i+b ...

and D(x) = p0...p2i−1bb p2i+b ... Then, if p2i−1 = a this contradicts Lemma 8.2.7 (i),
and if p2i = b we have D(x) ∉ C1.

(ii) As D(x)0 = b, Lemma 8.2.7 (ii) states that ab occurs only at odd positions in D(x)
and ba occurs only at even positions in D(x). Then we obtain in a similar way that
fi ̸⊏ x for all i ∈ {1,2,3,4}.

Lemma 8.4.2. If x ∈ C∞ over an odd alphabet A= {a,b} is such that a ̸= 1 or D2(x) ∉
{E((1b)ω),E((b1)ω)}, we define the mandatory words

m1 := x0
a+1 [

x0
a x0

a] b−1
2 x0

a x0
a+1, m2 := x0

a+1 [
x0

a x0
a] a−1

2 x0
a x0

a+1,

m3 := x0x0
a
[

x0
b x0

b
] b−1

2
x0

b x0
a x0, m4 := x0x0

a
[

x0
b x0

b
] a−1

2
x0

b x0
a x0.

(i) If D(x)0 = a, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that u ⊏mi , then u ⊏ x.
(ii) If D(x)0 = b, if u ∈A∗ and there exists i ∈ {1,2,3,4} such that u ⊏mi , then u ⊏ x.

Proof. (i) It suffices to show that mi ⊏ x for all i ∈ {1,2,3,4}.
D f (babb) = b is almost-short so Corollary 8.2.5 states that babb ⊏ D(x). More-

over, Theorem 8.1.5 implies that D f (m1) = babb occurs not as a prefix in D(x) so
Lemma 8.2.2 (ii) states that m1 ⊏ x or m1 ⊏ x, but we notice that f2 ⊏p m1 so
Lemma 8.3.1 states that m1 ̸⊏ x.

Similarly, we have D f (baab) = a, D f (m2) = baab and f2 ⊏p m2 so m2 ⊏ x.
Similarly, we have D f (abb a) = b, D f (m3) = abb a and f1 ⊏p m3 so m3 ⊏ x.
Similarly, we have D f (aba a) = a, D f (m4) = aba a and f1 ⊏p m4 so m4 ⊏ x.
(ii) Similarly to (i), we obtain that mi ⊏ x for all i ∈ {1,2,3,4}.
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8.4.2. Bispecial factors
8.4.2.1. Short bispecial factors

Lemma 8.4.3. Let x ∈ C∞ over an odd alphabetA= {a,b}. If a ̸= 1 orD(x) ∉ {
E((1b)ω),E((b1)ω)

}
,

then the short strong bispecial factors of x are ε, aa and ba ; and the short weak bispecial
factors of x are ab−1 and bb−1.

Proof. The proof is identical to Lemma 8.3.3.

8.4.2.2. Long bispecial factors

We begin with a very similar result to Lemma 8.3.4.

Lemma 8.4.4. Let A= {a,b} be an odd alphabet. Let x ∈ C∞ and let u be a bispecial
factor of x. If D f (u) is long, then u =P f ,u1

(
D f (u)

)
and D f (u) is a bispecial factor of

D(x), of the same type.

Proof. The proof is identical to Lemma 8.3.4 (i), except that we do not determine
u1.

We deduce that any long bispecial factor u of x can be traced back to a long bispecial
factor v of Dn(x) such that D f (v) is short, with the same type in their respective
smooth sequence.

8.4.2.3. First-long bispecial factors

Lemma 8.4.5. Let x ∈ C∞ over an odd alphabet {a,b} such that a = b −2. If a ̸= 1 or
D2(x) ∉ {

E((1b)ω),E((b1)ω)
}
, then every first-long bispecial factor of x is neutral.

Proof. Suppose that D(x)0 = a.
We check the word P f ,x0 (ε). By setting u :=P f ,x0 (ε) = x0

a x0
a , we have x0ux0 = f2,

x0ux0 ⊏ m3, x0ux0 ⊏ m1 and x0ux0 ⊏ m3 so with Lemma 8.4.1 (i) and Lemma 8.4.2
(i) we deduce that P f ,x0 (ε) is a neutral bispecial factor of x.

We check the word P f ,x0 (ε). By setting u :=P f ,x0 (ε) = x0
a x0

a , we have x0ux0 = f1,
x0ux0 ⊏ m1, x0ux0 ⊏ m3 and x0ux0 ⊏ m1 so with Lemma 8.4.1 (i) and Lemma 8.4.2
(i) we deduce that P f ,x0 (ε) is a neutral bispecial factor of x.

We show that P f ,x0 (an) is not a bispecial factor of x if n ≥ 1. It suffices to observe
that f2 ⊏ x0P f ,x0 (an) so Lemma 8.4.1 (i) states that x0P f ,x0 (an) ̸⊏ x.

We show that P f ,x0 (an) is not a bispecial factor of x if n ≥ 1 and n is even. In that

case, we have P f ,x0 (an) = x0
a [

x0
a x0

a] n
2 x0

a so f1 ⊏ ux0 and Lemma 8.4.1 (i) states
that P f ,x0 (an)x0 ̸⊏ x.

We check the wordsP f ,x0 (an) where n ∈ J1, aK and n is odd. By setting u :=P f ,x0 (an) =
x0

a [
x0

a x0
a] n+1

2 , with Lemma 8.4.1 (i) and Lemma 8.4.2 (i) we deduce the bi-extensions
of u in x and the type of u in x:
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x0ux0 x0ux0 x0ux0 x0ux0 type of u

n ∈ J1, a −2K ⊏m1 ⊏m1 ⊏m1 ∉ C∞
f neutral

n = a = b −2 = f3 ⊏m1 ⊏m1 = m2 neutral

We show that P f ,x0 (bn) is not a bispecial factor of x if n ≥ 1 and n is even. In that

case, we have P f ,x0 (bn) = x0
a
[

x0
b x0

b
] n

2
x0

a so f2 ⊏ ux0 and Lemma 8.4.1 (i) states

that P f ,x0 (bn)x0 ̸⊏ x.
We show that P f ,x0 (bn) is not a bispecial factor of x if n ≥ 1. It suffices to observe

that f1 ⊏ x0P f ,x0 (bn) so Lemma 8.4.1 (i) states that x0P f ,x0 (bn) ̸⊏ x.
It remains to check the words P f ,x0 (bn) where n ∈ J1, aK and n is odd. By setting

u :=P f ,x0 (bn) = x0
a
[

x0
b x0

b
] n−1

2
x0

b x0
a , with Lemma 8.4.1 (i) and Lemma 8.4.2 (i) we

deduce the bi-extensions of u in x and the type of u in x:

x0ux0 x0ux0 x0ux0 x0ux0 type of u

n ∈ J1, a −2K ⊏m3 ⊏m3 ⊏m3 ∉ C∞
f neutral

n = a = b −2 = f4 ⊏m3 ⊏m3 = m4 neutral

Finally, the proof is similar when D(x)0 = b.

8.4.3. Computation of factor complexity
Finally, combining Lemmas 8.4.3 to 8.4.5 yields the description of the strong and weak
bispecial factors of any smooth sequence.

Proposition 8.4.6. Let A= {a,b} be an odd alphabet such that a = b −2. If T (x) is not
eventually periodic with period 1b, then the strong bispecial factors of x are ε, aa and
ba ; and the weak bispecial factors of x are ab−1 and bb−1.

This allows to show that almost all smooth sequences over an odd alphabet of the
form {a, a +2} have the same factor complexity, which yields linear complexity, this is
Theorem 8.1.6 (ii).

Proof of Theorem 8.1.6 (ii). Let A= {a,b} be an odd alphabet such that a = b −2 and
let x ∈ C∞.

If T (x) is not eventually periodic with period 1b, Proposition 8.4.6 means that x has
the same strong and weak bispecial factors as E(bω) for example, so Theorem 6.2.2
ensures that x has the same factor complexity as E(bω). Finally, Corollary 8.1.4 states
that pE(bω)(n) =Θ(n).

If T (x) is eventually periodic with period 1b, Corollary 8.1.4 states that px(n) =
Θ(n).
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8.4.4. Unique ergodicity
In Proposition 8.4.6 we described the bispecial factors of the non-pathological smooth
sequences, so we can precisely compute their factor complexity and apply [Bos84, The-
orem 1.5] to obtain unique ergodicity. Fortunately, the remaining smooth sequences
are primitive morphic so we directly obtain unique ergodicity for them. All in all, this
proves Theorem 8.1.7 (ii).

Proof of Theorem 8.1.7 (ii). Let A= {a, a +2} be an odd alphabet and let x ∈ C∞.
If T (x) is not eventually periodic with period 1b, Proposition 8.4.6 describes the

strong and weak bispecial factors of x. They are the same as over even alphabets of
the form {a, a +2}, and we already computed their factor complexity in the proof of
Theorem 8.1.7 (i), so we obtain the same factor complexity here:

px(n) =


1 if n = 0

2n if n ∈ J1, a +1K
2n +2 if n ≥ a +2

.

In particular, we have limsup
n→∞

px(n)

n
= 2 < 3 so [Bos84, Theorem 1.5] yields the result.

If T (x) is eventually periodic with period 1b, then Corollary 8.1.4 states that X (x) is
uniquely ergodic.
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A. Examples of morphisms for
purely morphic sequences

A.1. Growing morphisms
Example A.1.1. Consider σ3 : 0 7→ 010,1 7→ 11. We first have

∣∣σn
3 (1)

∣∣= 2n for all n ≥ 0.
We also have ∣∣σn+1

3 (0)
∣∣= 2

∣∣σn
3 (0)

∣∣+ ∣∣σn
3 (1)

∣∣= 2
∣∣σn

3 (0)
∣∣+2n

so a quick induction yields
∣∣σn

3 (0)
∣∣= n2n−1 +2n for all n ≥ 0. Therefore σ3 is polynomi-

ally divergent.

Example A.1.2. Consider σ4 : 0 7→ 0010,1 7→ 11. We have
∣∣σn

3 (1)
∣∣= 2n and

∣∣σn
3 (0)

∣∣≥ 3n

for all n ≥ 0. Therefore σ4 is exponentially divergent.

A.2. Tame morphisms
Example A.2.1. Consider σ6 : 0 7→ 01010,1 7→ 121,2 7→ 2. We have B = {2} so it is not
growing, and we have L (σ)∩B∗ = {ε,2} so it is tame. Over Â= {〈01〉,〈10〉,〈121〉} = {a,b,c},
we have the new endomorphism

σ̂6 : a 7→ ababa,b 7→ cb,c 7→ ccc.

We first have
∣∣σ̂n

6 (c)
∣∣= 3n for all n ≥ 0. We also have∣∣σn+1

6 (b)
∣∣= ∣∣σn

6 (b)
∣∣+ ∣∣σn

6 (c)
∣∣= ∣∣σn

6 (b)
∣∣+3n

so a quick induction yields
∣∣σn

6 (b)
∣∣= 3n+1

2 for all n ≥ 0. Similarly, we have∣∣σn+1
6 (a)

∣∣= 3
∣∣σn

6 (a)
∣∣+2

∣∣σn
6 (b)

∣∣= 3
∣∣σn

6 (b)
∣∣+3n +1

so a quick induction yields
∣∣σn

6 (a)
∣∣ = n3n−1 + 3n+1−1

2 for all n ≥ 0. Therefore σ̂6 is
polynomially divergent and σ6 is virtually polynomially divergent.

Example A.2.2. Consider σ7 : 0 7→ 0101010,1 7→ 121,2 7→ 2. We have B = {2} so it is not
growing, and we have L (σ)∩B∗ = {ε,2} so it is tame. Over Â= {〈01〉,〈10〉,〈121〉} = {a,b,c},
we have the new endomorphism

σ̂7 : a 7→ abababa,b 7→ cb,c 7→ ccc.
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A. Examples of morphisms for purely morphic sequences – A.3. Wild morphisms

Similary to σ6, we have
∣∣σ̂n

7 (c)
∣∣ = 3n and

∣∣σn
7 (b)

∣∣ = 3n+1
2 for all n ≥ 0. We also have∣∣σn

7 (b)
∣∣≥ 4n , therefore σ̂7 is exponentially divergent and σ7 is virtually exponentially

divergent.

A.3. Wild morphisms
Example A.3.1. Consider σ8 : 0 7→ 01,1 7→ 12,2 7→ 2. We have B = {2} so it is not growing,
and 2n ⊏σn

8 (1) for all n ≥ 0 so σ8 is wild.

A.4. Periodic morphisms
Example A.4.1. Consider σ9 : 0 7→ 01,1 7→ 01. It is clearly primitive, and we have
σ∞(0) = (01)ω.

Example A.4.2. Consider σ10 : 0 7→ 010,1 7→ 1. We have B = {1} so it is not growing,
and we have L (σ)∩B∗ = {ε,1} so it is tame. Over Â= {〈010〉} = {a}, we have the new
endomorphism

σ̂10 : a 7→ aa

which is primitive so σ10 is virtually quasi-uniform. Lastly, we have σ∞(0) = τ(aω) =
(01)ω.

Example A.4.3. Consider σ11 : 0 7→ 01,1 7→ 1. We have B = {1} so it is not growing, and
1n ⊏σn(0) so it is wild. Lastly, we have σ∞(0) = 10ω.
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